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Abstract. Inspired by the work of Zhidkov on the KdV equation, we perform 
a construction of weighted gaussian measures associated to the higher order 
conservation laws of the Benjamin-Ono equation. The resulting measures are 
supported by Sobolev spaces of increasing regularity. We also prove a property 
on the support of these measures leading to the conjecture that they are indeed 
invariant by the flow of the Benjamin-Ono equation. 



1. Introduction and statement of the results 

1.1. Measures construction. The main goal of this article is to construct weighted 
gaussian measures associated with an arbitrary conservation law of the Benjamin- 
Ono equation (BO), and thus to extend the result of the first author [T3] which 
deals only with the first conservation law. The analysis contains several significant 
elaborations with respect to [14] , it requires an understanding of the interplay be- 
tween the structure of the conservation laws of the Benjamin-Ono equation and 
the probabilistic arguments involved in the renormalization procedure defining the 
measures. 

Let us recall that just like the KdV equation, the Benjamin-Ono equation is 
a basic dispersive PDE describing the propagation of one directional, long, small 
amplitude waves. The difference between the KdV and BO equations is that the 
KdV equation describes surface waves while the Benjamin-Ono equation models 
the propagation of internal waves. These models have rich mathematical structure 
from both the algebraic and analytical viewpoints. In particular they have an 
infinite sequence of conservation laws. These aspects will be heavily exploited in 
the present work. 

Consider now the Benjamin-Ono equation 

(1.1) dtu + Hdlu + ud^u^O, 

with periodic boundary conditions (for simplicity throughout the paper we fix the 
period to be equal to 2tt). In (jl.ip . H denotes the Hilbert transform acting on 
periodic distributions. Thanks to the work of Molinet [11] (jl.ip is globally well- 
posed in , s > (see [13l [71 [5] for related results in the case when (|1.1|) is posed 
on the real line). 

It is well-known that (smooth) solutions to ()1.1|) satisfy infinite number of con- 
servation laws (see e.g. [TUl [I]). More precisely for fc > an integer, there is a 
conservation law of (|l.ip of the form 

(1-2) Ek/2iu) ^ \\u\\l,,, + Rk/2iu) 
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where H" denotes the homogeneous Sobolev norm on periodic functions, and all 
the terms that appear in Rk/2 are homogeneous of the order larger or equal than 
three in u. In Section [21 we will describe in more details the structure of Rk/2 for 
large k. Next we explicitly write the conservation laws -Efe/2 for A: = 0, 1, 2, 3, 4: 



Ei^{u) = \\u 



|2 



Ei/2{u) = ||'"||^i/2 + ^ / u^dx; 



3 



Ei{u) = \M%i + 7 f u'^H{u^)dx + 1 I u^dx; 



/3 1 
[l^'^i'^xf + -uH{uj)'^]dx 



\^u^H{ux) + ^u'^H{uUx)]dx - I u^dx; 



E2{u) = \\u\\\^-^ j[{UxfHUj:+2uUxxHUx\dl 
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—u*H{ux) + —u^H{uUx)]dx + ^ u^dx 

where / is understood as the integral on the period (0, 2tt). 

Following the work by Zhidkov [15] (see also [21 H]), one may try to define an 
invariant measure for (jl.ip by re-normalizing the formal measure e:xjp{—Ek/2iu))du. 
This re-normalization is a delicate procedure. One possibility would be first to re- 
normalize exp(— a-s a gaussian measure on an infinite dimensional space 
and then to show that the factor exp(— i?^./2(w)) is integrable with respect to this 
measure. 

Since exp(— ||u||^j.^2) factorizes as an infinite product when we express u as 
a Fourier series, we can define the re-normalization of exp{—\\u\\'j^^^^)du as the 
gaussian measure induced by the random Fourier series 

(1-3) ^^/^M-Einm''"' 

(one may ignore the zero Fourier mode since the mean of u is conserved by the flow 
of ()l.ip ). In p.3p . {ipn{(jj))n^o is a sequence of standard complex gaussian variables 
defined on a probability space {n,A,p) such that tpn ~ ^P-n (since the solutions 
of (|l.ip should be real valued) and (v5n(i^))n>o are independent. Let us denote by 
fj.k/2 the measure induced by (|1.3p . One may easily check that ^^k/2{H'^) = 1 for 
every s < (fc - l)/2 while ^lk/2{H^''~^^'^) = 0. 

In view of the previous discussion, one may consider exp(— i?fe/2(w))(i/ifc/2 as a 
candidate of invariant measure for (jl.ip . There are two obstructions to do that, the 
first one already appears in previous works on the NLS equation (see [21 E]) and 
the KdV equation (see [IS]), while the second one is specific to the Benjamin-Ono 
equation. The first obstruction is that exp(— i?j,/2(''^)) is not integrable with respect 
to diik/2{u). This problem may be resolved by restricting to invariant sets, which 
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means to replace exp{~Rk/2{u)) by 

k— 1 

(1-4) 

where XR is a cut-off function defined as XR.{^) = xi^/R) witlr x : R K a 
continuous, compactly supported function such that x{^) — 1 for every \x\ < 1. In 
the context of KdV or NLS, the function defined in (|1.4p is integrable with respect to 
the corresponding gaussian measure. Moreover if one takes the reunion over R > 
of the supports of the functions (jl.4[) , then one obtains a set containing the support 
of /ife/2- However, in the context of the Benjamin-Ono equation, the restriction to 
invariant sets does not work as in (|1.4p because for every R the following occurs: 
Xi?(-E'(fc-i)/2(")) = almost surely on the support of /ife/2- One of the main points 
of this paper is to resolve this difficulty. This will be possible since one controls the 
way that i?(fc_i)/2(M) diverges on the support of /ife/2- More precisely, for TV > 1 
and fc > 2, we introduce the function 

k-2 

(1.5) Fk/2,NMu) = ( n XR{Ej/2iTTNu))')xRiEik-i)/2{nNu) - aw)e-^'=/^("«") 

where ol]^ — ~ ^'^^ ""JV is the Dirichlet projector on Fourier modes n such 

that |n| < N . Here is our first result. 

Theorem 1.1. For every /c e N with k>2, there exists a fJ,k/2 measurable function 
Fk/2,R{u) such that Fk/2,NM{'^) converges to Fk/2,R{u) in L''{dnk/2) for every 1 < 
q < oo. In particular Fk/2.R{u) € L'^{dpL]./2). Moreover, if we set dpk/2,R = 
Fk/2,R{u)d^ik/2, we have 

U SUpp(pfe/2,K) = SUpp(^fe/2). 
R>0 

The above result for A: = 1 was obtained by the first author in [T3] . Many of the 
probabilistic techniques involved in the proof of Theorem 11.11 are inspired by [3] . 
We also refer to [4] where in the context of the 2c? NLS the authors use the Wick 
ordered L^-cutoff, i.e. a truncation of the L^-norm that depends on the parameter 
N. 

We conjecture that the measures pk/2.Ri k = 2,3, ■ ■ ■ constructed in Theorem ll.il 
are invariant by the fiow of the Benjamin-Ono equation established by Molinet 11], 
at least for even values of k. In the sequel, for shortness, we denote Pk/2,R by Pk/2- 

1.2. A property on the support of the measures. Let us now give our ar- 
gument in support of the above-stated conjecture. For > 1, we introduce the 
truncated Benjamin-Ono equation: 

(1.6) dtu + Hd^u + -KN^iT^NUjdxiT^Nu)) — 0. 

As in |,6|, one can define a global solution of (|1.6I) for every initial data u(0) G 
L'^{S^). Indeed, one obtains that (1 — TrN)u{t) is given by the free Benjamin-Ono 
evolution with data (1 — 7rAr)M(0), while TrNu{t) evolves under an A-dimensional 
ODE. This ODE has a well-defined global dynamics since the norm is preserved. 

The main problem that appears when one tries to prove the invariance of pk/2 
is that even if Sfc/2 are invariants for the Benjamin-Ono equation they are not 
invariant under (|1.6p . The invariance, however, holds in a suitable asymptotic sense 
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as we explain below. Let us introduce the real- valued function Gk/2,Nj measuring 
the lack of conservation of Ek/2 under the truncated flow (|1.6p . via the following 
relation 

(1-7) ^Ek/2{T^Nu{t)) = Gk/2,N{'^Nuit)), 

where u{t) solves (II. 6p . 

Denote by the flow of (|1.6p and set dp^iu) = -Ffe/2.Ar.fi(it)c?Mfe/2(^i) so that by 
Theorem ll.il pN converges in a strong sense to pk/2 (the densities converge in any 
LP(dp,k/2)i P < oo). By using the Liouville theorem, one shows that for every Pk/2 
measurable set A, 

PN{^Nit)iA)) ^ f e-/o^''/^'«("~*~(")("(o»'^"dpAr(u(0))+o(l). 

J A 

Hence, a main step towards a proof of the invariance of p^./2 is to show that 

(1.8) / Gk/2.N{'^Nu{T))dT 

Jo 

converges to zero, where u{t) is a solution of (II. 6p . with u(0) on the support of 
Mfe/2- Such a property is relatively easy to be established if u(0) has slightly more 
regularity than the typical Sobolev regularity on the support of pk/2- At the present 
moment, we are not able to prove such a property on the support of Hk/2- We shall, 
however, prove it if we make a first approximation which consist of replacing u(t) 
by u(0) in (|1.8p . Here is the precise statement. 

Theorem 1.2. For every k > 6 an even integer, we have 

lim ||Gfe/2.Ar(7rArM)||i,,(d^ ) =0, Vge [l,oo), 

where Gk/2,N is defined by <\1.7\ . 

Let us remark that the lack of invariance of conservation laws for the correspond- 
ing truncated flows is a problem that appears also in other contexts. We refer in 
particular to the papers [12 and T5^, where this difficulty is resolved in the cases 
of the DNLS and KdV equations respectively. 

1.3. Comparison with the KdV equation. Next we explain why the measures 
construction in the context of the Benjamin-Ono equation is much more involved 
compared with the case of the KdV equation. The main difference is that in the 
KdV equation the dispersion (of the linear part) is of lower order compared with 
the Benjamin-Ono equation. This fact makes the perturbative treatment of the 
nonlinearity more complicated. Let us recall that a similar observation applies to 
the Cauchy problem analysis (see [5l 171 fTT | 113 ] ) . 

Now, we recall the approach of Zhidkov (see [T5]) to prove the existence of 
invariant measures associated with the periodic KdV equation 

(1.9) dtu + dlu + ud^u = 0. 

This equation has a rich structure from both the algebraic and analytic viewpoint. 
In particular the solutions to ()1.9p have an infinite sequence of conversation laws. 
More precisely, for every m > there exists a polynomial 

(z;,9,z;,...,9» 
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such that ^ f Pm{u{t,x),dxu{t,x), ...,d'!^u{t,x))dx = 0, provided that u is a solu- 
tion of ()1.9|) . where / ...dx denotes the integral on the period. More precisely, the 
conservation laws have the following structure 

J qmiu,..,d"'-~'^u)dx. 

By using the Sobolev embedding C it is easy to check that the function 

m— 1 

where XR is defined as in (|1.4p . is not trivial and belongs to the space L°°{dfim) 
(where fj,m is the Gaussian measure induced by (II. 3p for k — 2m), provided that m 
is large enough. In particular the measure 

m — 1 

(1-10) ( n Xfl(£^,(«)))e-^'"^"'"'-'^""''^'"rfM™ 

is a meaningful non-trivial candidate for an invariant measure. 

In order to prove the invariance of the above measure we introduce, following |15) , 

a family of truncated problems 

(1.11) dtU + dlu + TTN{{TTNu)dx{TTNu)) =0, 

where ttjv is the Dirichlet projector on the n Fourier modes such that \n\ < N. 
Once again, the main difficulty is because of the fact that the quantity 

Pm{u{t, x),dxu{t, x), d!^u{t, x))dx 

is no longer invariant along the flow of the truncated problem (jl.lip . However if 
Mo e H"^-^ then 

d f 

(1.12) lim — pm{TrNu{t,x),dxTrNu{t,x), ...,d^7rNu{t,x))dx = 0, 



N-¥oo dt 

where u{t,x) are solutions to (|l.lip with initial data mq. Roughly speaking (|1.12p 
means that the quantities 

PmiT^Nuit, x), dxT^Nuit, x), d^'rrpfu{t, x))dx 

are asymptotically in N almost conservation laws for solutions to the truncated 
flow. In particular for large iV, the classical finite dimensional Liouville invariance 
theorem turns out to be almost true for the flow associated with (|l.lip . and it 
allows us to conclude the proof of the invariance of (jl.lOp along the flow associated 
with (|1.9p via a limit argument. 

Hence the main point is to prove (|1.12p . Following Zhidkov (see Lemma IV. 3. 5, 
page 127 in |15) ) there is an explicit formula to compute the expression on the l.h.s. 
in (|1.12p . More precisely if u solves (jl.lip then 

d f 

(1.13) — j Pm(T^Nu{t,x),dx'n:Nu{t,x),...,d'^-KNu{t,x))dx 

J ^ d^U ' |9^ti=c?^7r>jv((7rjvu)a^(7rjvM)),cJ^«=a^7rjvu for k^j 
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where 7r>Ar is the projector on the n Fourier modes such that |7i| > N (for an 
explanation of formula (|1.13p see Section [8]). It is easy to see that the most delicate 
term that appears in the r.h.s. above is the one coming from the cubic part of 
the conservation laws, i.e. / u{d™~^u)'^dx. More precisely we have to estimate the 
following term 

(1.14) J{7TNu)dl"'\7rNu)d:^'\>N{{7TNu)d,{7rNu))dx, 

as iV — > oo. Notice that after developing the (m — l)-derivative of the product, we 
get an integral that involves the product of O^^^Ittnu) and d^{nNu), and hence 
after a fractional integration by parts we get a derivative of order m — 1/2. This 
is the main source of difficulty since the Gaussian measure d/im is supported on 
the Sobolev spaces iJ™-i/2-<! fQj- any e > 0. This problem is solved by Zhidkov by 
using a clever integration by parts. Indeed, if we develop the (to — l)-derivative of 
the product in (|1.14p . using the Leibnitz rule, we get the following (bad) term 

= J n>N{{TrNu)d^^'^{nNu))d^{Tr>N{{T^Nu)d"'^^{'KNu)))dx 

- J ■7T>N{{T^Nu)d^^'^{nNu))TryN{{TTNdxu)d^^^{nNu))dx. 

The worst term in the r.h.s. seems to be the first one, since it involves the product 
of a derivative of order to and a derivative of order to — 1. However this term is 
zero since it can be written as follows: 

^ J d,j,{-KyN{T^Nu)d'^'^{-KNu)fdx = Q. 

By looking at the structure of the conservation laws of the Benjamin-Ono equa- 
tion, it is easy to check that the situation is a priori much worse. In fact if Em is 
the conservation law (for the Benjamin-Ono equation) with leading term ||u|||jm, 
and if we repeat the same construction as in (|1.13p (where p„i is replaced by the 
density of £",„), then the cubic part produces a contribution that involves a deriva- 
tive of order to which is very delicate since the Gaussian measure d^m is supported 
on fj^n-i/2-e ^ Moreover, in Em the terms homogeneous of order four involve a 
derivative of order to — 1/2 (this difficulty can be compared with the one we met 
above to treat the contribution coming from the cubic part of the conservation laws 
of KdV) . The second main result of this paper (Theorem II. 2p is essentially saying 
that we are able to find a key cancellation which eliminates the terms containing (at 
first glance) too many derivatives. We believe that this result is of independent in- 
terest and that it will play a role in the future analysis on the issues considered here. 

Next we fix some notations. 

Notation 1.3. We shall denote by (and in some cases H^) the Sobolev spaces 
of 2TT-periodic functions; 

U' (and in some cases LP) is the 2TT-periodic Lebesgue space; 

L'^ is the Lebesgue space with respect to the probability measure (il,,A,p), which in 
turn is the domain of definition of the random variables ^Pn{'^) in (|1.3p .' 
if f{x) is a 2iT -periodic function then J f(x)dx — J^^ f{x)dx; 
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the operator H is the usual Hilbert transform acting on 2'K-periodic Junctions; 
for every € N the constant is equal to X^^^Li n' 

for every k £ N the quantities i?fc/2 ^.i^d, Rk/2 '^''6 related as in (|1.2p . where Ef./2 
is a conservation law for the Benjamin- Ono equation. 
Some other notations will be fixed in Section\^ 

The remaining part of the paper is devoted to the proof of Theorems 11.11 11.21 

2. On the structure of the conservation laws of the Benjamin-Ono 

equation 

In this section, we describe the form of the Benjamin-Ono equation conservation 
laws which is suitable for the proof of the our results announced in the introduction. 
Our reference in this discussion is the book by Matsuno [10| . 

We now fix some notations. Given any function u{x) E C°°{S^), we define 

r^{u) = {d^^u,Hd^'u\ai eN}, 
and in general by induction 

k 

'Pn{u) = {[]i7>,,(M)|zi,...,Zfc e {0,1}, 

1=1 

k 

'^ji ^n,ke {2,...,n} andpj,(u) ePj,(u)j, 
1=1 

where H is again the Hilbert transform. 

Example 2.1. The elements belonging to 'Pz{u) are the following ones: 

d^-u{Hd:^u){Hd:-u),d:-uH{dTu{Hd:-u)),HdTuH{dTud:-u), 
{Hd^-u){Hd^^u){Hd^^u),{Hd^^u)H{d^MHd:'u)),d:^uH{{Hd^^u){Hd^^u)) 

where ai, 012, as G N. 

Remark 2.2. Roughly speaking an element in V,i{u) involves the product of n 
derivatives .., in combination with the Hilbert transform H (that can 

appear essentially in an arbitrary way in front of the factors and eventually in front 
of a group of factors). 

Notice that for every n the simplest element belonging to Vniu) has the following 
structure: 

n 

(2.1) Y[d:^u,a,eN. 

1=1 

In particular we can define the map 

Vniu) 3 Pn{u) pn{u) <E Vn{u) 

that associates to every Pn{u) G Vniu) the unique element Pn{u) G Vniu) having 
the structure given in (|2.1I) where d"^u,d^^u, are the derivatives involved 

in the expression of p„(u) (equivalently Pn{u) is obtained from Pn{u) by erasing all 
the Hilbert transforms H that appear in p„(u)). 
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Next, we associate to every p„(u) G Vn{y-) two integers as follows: 

n 

if p„(u) = then 



1=1 



(2.2) \Pn{u)\ := sup ai 

i=l,..,n 

and 

n 

(2.3) \\pn{u)\\:=J2^^■ 

i=l 

We are ready to describe the structure of the conservation laws satisfied by the 
Bcnjamin-Ono equation. Given any even k G N, i.e. k = 2n, the energy £'fe/2 has 
the following structure: 

(2.4) Ek/2{u) = \\u\\l^^, + ''k{p) j p{u)dx 

p{u)&'P3{u)s.t. 

p{u)=ud^~^ud^u 

p{u)eVi{u)s.t.j=3,...,2n+2 

\\p{u)\\=2n-]+2 
\p{u) I <n— 1 

where Ck{p) S M are suitable real numbers. 

Similarly in the case of odd k gN, i.e. k = 2n+l, the energy E1./2 has the following 
structure: 

(2.5) Ek/2{u) = \\u\\%,^,+ Ck{p) j p{u)dx 

p{u)^Vz{u)s.t. 
p{u)—ud^ud^u 

p(u)eV3{u)s.t. 

p(u)=a^ud'2-^ud'2u 

p{u)(^'Pi{u)s.t. 
p{u)=u^d^~^ud^u 

+ Y ^'^^P) / Pi'^)(^^ 

p{u)eVj{u)s.t.j—3,...,2n+3 

\\p{u)\\=2n-j+3 
\p{u) I <n— 1 

where Ckip) G M are suitable real numbers. 



Remark 2.3. The expressions above should be compared with the explicit structure 
of E^./2 for fc = 0, 1, 2, 3, 4 (see the introduction). 
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3. Preliminary Estimates 

Along this section we shall use the notations Vj{u), Pj{u), Pj{u) introduced in 
Section [5] We also recall that denotes the conservation law whose structure 
is described in (|2.4p and (|2.5p (respectively depending on the eveness or oddness 
of k). The main result of this section is the following proposition that will be very 
useful to prove Theorem 11.11 for k an even number. 



Proposition 3.1. Let k > be a given integer. Then for every i?i,i?2 > there 
is C ^ C(i?i, i?2) > such that 

2k 

(3.1) f]{ueH''\\E^/2{u)\ < Ri} n {u e H''\\Ek+i/2{7rNu) - aN\ < R2} 
j=o 

C{uE H>'\\\u\\h. <C}n{ue H>^\\\7rNu\\l,^,,, ~ a^l < C}, VN € N. 

Remark 3.2. The proposition above (where we choose k = to) implies that the 
support of the functions Fm+i.N.R defined in (|1.5I) are contained in a ball of 
intersected with the region {u € iJ™|||7rjvu||^„+i/2 — awl < C} (at least in the case 
TO > 0). 

Lemma 3.3. For every integer to > there exists C = C{m) > such that 

(3.2) / ud^^vd^^+'w dx < C{\\uh^\\v\\H^+u4M\H'^+U2 



+ ll«lk~ll'"llff™ + l/2||w||ff™ + l/2 + \\w\\L'>-\\u\\H^^ + l/2\\v\\H'^ + l/2) . 

Proof. We consider a Littlewood-Paley partition of unity 1 = J2n where TV 
takes the dyadic values, i.e. TV = 2-', j = 0, 1, 2, • • • . We denote by Sn the operator 
J2ni<n In order to prove (13. 2p . one needs to evaluate the expression 



(3.3) Y. j AM,udZ''AN^vd"^'+^AN^w dx. 



Ni,N2,N3 



We consider three cases by distinguishing which is the smallest of A''!, iV2 and N3. 
In the sequel we shall denote by c, C > constants that can change at each step. 
Denote by Ji, the contribution of Ni < min(iV2, TV3) to Then iV2 A^3 and 

Ji<C Y \ S^^in(N2,m)ud^AN^vd^+^AN.,wdx 
<C Y \\u\\l^N^'\\^m2v\\l-^N^+^An,w\\l^ 

N2~N3 

< C||u||L°-||w||_H-"-+l/2|jw||ifn. + l/2, 

where in the last line we used the Cauchy-Schwarz inequality. Next denote by J2 
the contribution of N2 < min(iVi,iV3) to Then 

J2<C Y I / ^ 

<C Y \\^NM\L-{^HNuN3)r\\v\\L^N^+^\\AN3w\\L^ 

< C\\v\\l--\\u\\h^ + i/2\\w\\h^+i/2, 
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Finally, we denote by J3, the contribution of N3 < niin(A^i, A^2) to (|3.3p . Then 



<C J2 \\^NML-N^\\^M,v\\L2{TmniNi,N2)r+'\\w\\L^ 

Ni~N2 

< C\\w\\L'^\\u\\H'^^ + l/2\\v\\Hrr. + l/2, 

This completes the proof of Lemma 13.31 



□ 

As a consequence of Lemma [3]3] we get the following useful result. 
Lemma 3.4. Let ni > be an integer and p^(u) € 'P'i{u) he such that 
(3.4) P3(m) 

Then for every e > 0, 1 < p < 00 such that ep > 1, there exists C — C{e,p) > 
such that: 



(3.5) 



P3,{u)dx < C||w||^,„+i/2||m||vi/=.p- 



Proof. Looking at the structure of the elements in V^{u) and since we are 
assuming (j3.4p we can deduce by Lemma 13.31 the following estimate: 

Pz{u)dx < C(^max{||-u|jj:^™+i/2, ||iJu||^™+i/2}^ max{||w||L==, ||i?u||L~} 

and hence by the Sobolev embedding VF'^'^ C L°° we can continue the estimate as 
follows (provided that we change the constant C) 

.... < C||m||^,„+i/2 max{||u|jw=.p, \\Hu\\w':p}. 

The proof can be completed since the Hilbert transform H is continuous in the 
spaces L^' for 1 < p < 00. 

□ 

Lemma 3.5. Let k>2 be an integer. For every p^{u) € V3{u) such that 



P3 



(u) = I I with < > Oi = 2k + 1 and 1 < min < max Ui < k 

J-J. i=l,2,3 1=1,2,3 



we have: 



P3{u)dx < C\\u\\^^k. 



Proof. We can assume ai > a2 > and also Psiu) = nf=i d"'u (the general 
case follows in a similar way). 

First case: qi = 02 = fc 

In this case necessarily = 1 and hence by the Holder inequality we get 

P3{u)dx < \\u\\'jjk\\dxu\\L-='=- < C'IImII^a, 
where we have used the Sobolev embedding C 
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Second case: a2 < k — 1 

By the Holder inequality we get 

and hence by the embedding C L°° 

...<C\\u\\14u\\h.,+.. 
The proof follows since + 1 < a2 + 1 < k. 



□ 



Lemma 3.6. Let k > I and j > 3 be integers. For every Pj{u) G 'Pj{u) such that 



Pj 



(u) = Yl d"'u with < ^ Qfi < 2fc 



i=l 



we have: 
(3.6) 



Pj{u)dx < C||w||^fc. 



Proof. We treat explicitly the case Pj{u) — Pj{u) (we specify shortly below how 
to treat the general case). 
It is not restrictive to assume that 

(3.7) oti>a2> ■■■ > Oij. 

By eventually performing integrations by parts we can assume ai <k and by (|3.7p 
also a2 < k. Moreover by the assumption we get 

(3.8) Ui < k, \/i = 3, j 
Hence by the Holder inequality we get: 

(3.9) I / p,{u)dx\ < Wd^^uW^.Wd^^uWr^. fl Wd^'uU^ 

1=3 

which due to the embedding C L°° and implies (if the Hilbert 

transform H is involved in the expression of Pj{u) then wc are allowed to remove 
H at the last step since = ||M||jy»). 

□ 

Lemma 3.7. Let n > be an integer and R > 0, then 

(3.10) 3C = C{n,R) > s.t. 

2n 

f]{u e i/"||£;,/2(?/)| <R}c{ue < C}. 

i=o 

Proof. We use induction on n. 
First step: n — 

This is trivial since Eo{u) = 11^11^2- 
Second step: n — 1 
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By combining the explicit structure of -B1/2 (see the introduction) with the fol- 
lowing inequality 

we get 

(3.11) |i?i/2(«)l<qi^^ll'//||^ll^/f/. 

(see the notation in ()1.2p '). Hence in the region 

{u(.H^\\E^/^{u)\<R,\Eo{u)\<R} 

we get 

IkllW = \Ei/2{u)-R^/2{u)\<R + R"^\\ufj;t/. 
which in turn implies the existence of C > such that 

(3.12) \\u\\hi/2 < C, e {u e H^\\E^/2{u)\ < R, \Eo{u)\ < R}. 
Next, by looking at the explicit structure of Ei (see the introduction) we get 

\Riiu)\<C\\u\\Hi\\u\\l^,,+C\\u\\%^,, 

(see the notation (|1.2p ) where we have used the Sobolev embedding H^^^ C L^. 
Hence by (|3.12p we get a suitable constant C > such that 

Ml, = \Ei{u) ~ Ri{u)\ <R + C + C\\u\\h^ 

yu e {u e H'\\Ei{u)\ < R, \E^/2{u)\ < R, \Eoiu)\ < R}. 
In turn, this implies the existence of C > such that 

< C, Vu e{ue H^\\Ei{u)\ < R, |Si/2(w)| < R, \Eoiu)\ < R}. 
Third step: n ~ 2 

Following the argument of the previous step we get 

(3.13) \\u\\hi <C, Vm e {u G H'^\\Ei{u)\ < i?, |£;i/2(u)| < R, \Eo{u)\ < R} 

for a suitable C > 0. By combining the structure of i?3/2 (see the introduction) 
with (|3.13p and the Sobolev embedding C L°° we get 

|i?3/2(u)| <C,yue{ue H^\\Eiiu)\ < R, |Si/2(u)| < R, \Eoiu)\ < R}. 

As a consequence we deduce 

(3.14) \\u\\l,,, - \E.,/2iu) - R3/2iu)\ <R + C 

e {u e H^\\Ey2iu)\ < R, \Ei{u)\ < i?, 1^1/2(^^)1 < i?, |£^o(^^)| < R}- 

By combining (j3.14p with Lemma 13.41 and Lemma 13.61 we get 



< C 



Vu G {u G H'\\E^i2{u)\ < R, \Ei{u)\ < R, |-Bi/2(")| < R, \Eo{u)\ < R} 
and hence 



E2{u) + {R2{u) + ^ j [u^YHu^ dxj - 2 J{u,i:)'^Hu^ dx 
< R + C +\\ufHi\\u\\H^ <R + C + C\\u\\h2 
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4 

Vug f]{ueH^\\Ej/2{u)\ < R} 

j=o 

where we have used the Holder inequahty and the Sobolev embedding C L°° 
to estimate the integral / {ux)^Hux dx. The proof can be easily concluded. 

Fourth step: n ^ n + 1 for n > 2 

Assume the conclusion is proved for n > 1, then there exists C > such that 

2(n+l) 2n 

(3.15) n ^ H-^^^WE^Mu)] <R}cf]{ue H''+^\\E^/2{u)\ < R} 

j=0 j=0 

c{ueH^+'\\\u\\H^. <C}. 
Next we shall use (following (11.21) ) the notation 

(3.16) En+i/2(u) = ||m|||„ + i/2 + Rn+l/2(u) 

and 

(3.17) S„+i(m) = |kli|„+i + Rn+i{u) 

(the structure of Rk/2, described in (12. 4p and (12. 5p . depending on the evenness or 

the oddness of fc, will be freely exploited in the sequel). 

By combining Lemma 13.61 (where we choose fc = n), with p.lSp we deduce 

2(n+l) 

(3.18) \Rn+i/2iu)\ <C,Wu£ f] {ue H-^+'\\Ej/2{u)\ < R} 

3=0 

for a suitable C > 0, where we have used the fact that -R„+i/2(u) involves terms 
of the type J pj{u)dx with j > 3 and ||pj(w)|| < 2n (for a definition of ||pj(w)|| see 
(|2.3p '). As a consequence of p.l6p and (|3.18p we get 



2(n+l) 

(3.19) n ^ H''^^\\Ej/2{u)\ <R}c{ue iJ"+'|||M||^„+i/2 < C}. 

j=o 

By combining Lemma 13.41 (where we choose m = n, e = l,p = 2), Lemma 13. 5[ 
Lemma (with k — n) and (|3.19p we deduce 

2(n+l) 

|i?„+i(u)| <C + C||u||h"+i, Vug fl {u£R"+^\\Ej/2{u)\<R} 

(where we have used the structure of i?„+i given in (j2.4l) V By combining this 
estimate with (|3.17l) we get 

lkll^„+i < \En+i{u)\ + C + C\\u\\h^^^ <R + C + 

2(n+l) 

ViiG fl {ueH''+^\\E^/2{u)\<R} 

3=0 

which in turn implies p.lOp for n + 1 . 

□ 
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Proof of Proposition 13.11 

By p.lO|) (where we choose n = k) there exists C > such that 

2 k 

(3.20) \\u\\hi< <C, Vm e ^ ^''II^j72(")I < ^i}- 
We also recall the notation (see (|1.2p ) 

(3.21) Ek+i/2{u) = + i?fe+i/2(u). 

By combining (|2.5p with p. 201) and Lemma [3^^] (recall that we are assuming fc > 0) 
we get that for every R there exists C = C{R) such that 

\Rk+i/2{u)\ <C,yue{ue h'^MIh'^ < R} 

which is equivalent to 

\Ek+i/2{u) - <C,yue{ue h'^WMh^ < R} 

and hence 

\Ek+l/2{T^Nu) - llTTATull^fc + i/^l < C 

Vm e {u e H''\\\u\\Hk <R}, N e N. 

By ((X^ we get 

\Ek+l/2{T^Nu) - \\TTNu\\'^jfk + l/2 \ < C 
2k 

VmG {^{ue H^\\Ej/2{u)\ <Ri}, N en 

3=0 

that in turn implies p.ip . 

□ 

4. A LINEAR GAUSSIAN BOUND 

We start with the following general measure theory result which shall be fre- 
quently used in the sequel. 

Proposition 4.1. Let F : {rt,A,p) C be measurable and C,a > be such that 

(4.1) <Cq", Vge [l,oo). 

Then 

p{lu e n\\F{uj)\ > X}< e-t(*)~, VA > 0. 
Proof. By combining the Tchebychev inequality with (|4.ip we get: 

ll^^ll^ 

p{u:en\\F{u;)\>X}<'-^<C'^[^) . 



We conclude by choosing q = 




□ 

Next we present, as an application of the previous result, a linear gaussian bound 
which will be used in next sections. 
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Proposition 4.2. For every integer to>0, 0<e<^ and 1 < p < oo there exists 
C — C{m,e,p) > such that 

p{uj £ n\\\ipm+iii^)\\wi-" > A} < Ce"^, VA > 
where ipm+i{io) is the random vector in (jl.3p for k — 2(m + 1). 
Proof. It is sufficient to prove that 

I 'II ^ fcm+l-e J - 

fe>0 

For every fixed a; G (0, 27r) the random variable 

2-^ ^ITl+l-E 
/C>0 



is Gaussian and its distribution function is k dz where K — X]fe>o ^2(^+1-^) ■ 

As a consequence we get the following estimate: 



/ ^ hm+l — e 



k>0 



Izl'^e K dz 



'\'i+^ds < CKi (I) ' , Vx e (0, 27r) 



2K^ 



for a suitable C > (the last inequality can be proved by integration by parts) . In 
particular we get: 



Um+l 



"Pki^) ^kx 



k>0 



< CV?, e (0, 27r) 



and hence 



Lm+1 



"Pki^) ^kx 



k>0 



Due to the inequality ||.||i<!^p < H-HiPi? for every q > p we get: 



/ ^ l,m+l — e 



fc>0 



(since p{Q) = 1 it is easy to deduce that the estimate above is true for every q > 1 
eventually with a new constant C) . Hence we can conclude by using Proposition l4.1l 



□ 



5. Multilinear Gaussian bounds 

For any p{u) € Uj^iVjiu) (see Section [2]) and for any N E N we introduce the 
functions 

fP(v) = J p{v)dx and f^iv) = J p{-KNv)dx. 

We also recall that the Sobolev spaces Tj^+i/s-e ^re a support for the Gaussian 
measure d/Xm+i for every e > 0. This fact will be used without any further comment 
in the sequel. The main results of this section are the following propositions. 
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Proposition 5.1. Let m > and p3{u) e Vs^u) be such thatpziu) — ud^ud^^^u. 
Then there exists C > such that 

3 /2 

(5.1) ||/P3(^)_/P|(y)||^^(^^^^^^<c_=£=_, VM,7VeN,p>2. 

mm{Al , Jy \ 

In particular 

(5.2) 30 s.t. y.„,+i(Al';%) < e-^( Vn^^A^.M})^/^ ^ VAf, G N, A > 
where 

(5.3) Af,;^ = e iJ-+V2-e||^P3(^) „ ^P3(^)| > 

Proposition 5.2. Lei m > be fixed. There exists C > sttc/i i/iat 

(5.4) \\hN{u)^hM{u)\\LHd^^^,)<C^=4==, yM,NeN,p>2 

where hxiu) — \\'^ku\\'^j^^-^i/2 ~ otR for any if G N. In particular 



(5.5) 3C> s.t. ^i„,+i{bIjj^) < e-*(^\^^i^Wfn)^ VA/,iV G N, A > 
w/iere 

(5.6) E^,^^ = {ue H™+i/2-^||/iAr(u) - /im(u)| > A}. 

We need some preliminary lemmas. The first one concerns the orthogonality of 
the functions {ipi{uj)ipj{uj)ipk{^^)}i,j,kei. (where ipn{uj) are the Gaussian functions 
that appear in (|1.3p ) provided that {i,j,k) G A, where 

(5.7) A = {(^, J, fc) G Z \ {0}\i +j + k = 0}. 
Lemma 5.3. Let (fci,fc2,fc3), (ji, ^2, ja) ^ A be such that 

(5.8) {^1,^2,^3} ^ {ji, j2, js}- 
Then 



Proof. We split the proof in two cases (which in turn are splited in several 
subcases) . 

First case: 3i G {1,2,3} s.t. k, ^ {31,32,13} 
We can assume 

(5.9) fci i {h,j2,h}- 
Next we consider four subcases: 

First subcase: 

(5.10) fci i {^2,^3} and -kii {31,32,33} 
Notice that by definition of A necessarily 

(5.11) -fci^{fc2,fc3}. 
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Hence by combining (|5.9p . (|5.10|) . (|5.1ip and the independence assumption on 

{93„(i:j)}„>o we get: 



'doj. 



Second subcase: 

(5.12) fci e {fc2,fc3} and - ki ^ {ji, j2,j3} 
It is not restrictive to assume 

(5.13) ki = k2 
and hence by the definition of A 

(5.14) fc3 ^ ±fci. 

Hence by combining (j5.9p . (j5.12p . (|5.13l) . (|5.14p with the independence assumption 
on {'^„(a;)}„>o we get 

Third subcase: 

(5.15) fci ^ {fc2,fc3} and - ki e {ji,j2,j3} 
By definition of A we also deduce 

(5.16) -fci ^ {fc2,fc3}. 
By (|5.15p we can assume for simplicity either 

(5.17) -ki^jii{j2,j3} 
or 

(5.18) -ki=ji=j2. 

In the case when (|5.17p occurs, we can also assume by the definition of A that 

(5.19) fci = -ii^{i2,i3}. 

By combining (|5.9p . (j5.15p . (|5.16p . (15.171) . (|5.19p with the independence assumption 

on {(pniuj)}n>o we get 

= y '/'fci'^^^ J Vk2fk3fj2fj3duj = y Lpk,<fk2fk3W^PjIW^di^ 

(where we have used also (|5.9p ): 

in the case when ()5.18p occurs, by using the definition of A we get 

(5.20) ±kiy^j3. 

Hence by combining ([5TT5)) . ((5?T6| . (ISTTSl) . ((OO)) we deduce 

= y" '^■fei^t^ y Vk2Vk3Vhduj ^ j Vk^Vk2Vk3VW3^duj 
Fourth subcase: 

(5.21) /ci e {fc2,fc3} and - fci G {ji,j2,j3} 
We can assume 

(5.22) fci = fc2 



18 



NIKOLAY TZVETKOV AND NICOLA VISCIGLIA 



and by the definition of A also 

(5.23) h ^ ±ki. 
Moreover, we can assume that either 

(5.24) -fci-Ji^{j2,j3} 
or 

(5.25) - fci = ji - j2. 

In the case when (|5.24p occurs we can also assume by the definition of A that 

(5.26) fci = -ii^{i2,j3}. 
Hence by combining ([OS)) . ([5^, (lOil) . (jOGl we get 

= y" '^liduj J ipk^tpj^Lpj^duj = J ipki fk2 Vk3 fji 

in the case when (|5.25p occurs we can deduce by the definition of A that 

(5.27) ±ki^j3. 
Hence by (jOa . (|07|) we get 

Second case: 

(5.28) fc,e{ii,i2,i3}Vj = 1,2,3 



Next we consider two subcases: 
First subcase: 

(5.29) ki^k2,h^k3,k2^h 

By combining (I5.28P and (|5.29p it is easy to deduce that 

{jl,j2,j3} = {fci,fe2,fc3} 
which is in contradiction with (jS.Sp . 

Second subcase: 

(5.30) 3n, m G {1, 2, 3} s.t. n ^ m,kn = km 

We can assume 

(5.31) fci = fc2, 
then by the definition of A we deduce that 

(5.32) fcg = -2fci. 

On the other hand by (|5.28p fci, —2ki g {ji, J2, ^3}- Since by the definition of A we 
have X)i=i Ji = we conclude that necessarily 

(5.33) {ji,j2,j3} = {fci,fci,-2fci}. 
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On the other hand by (|OT|) . (|02|) we get 

{fci, ^2, fca} = {fci, fci, -2fci} 

which in conjunction with (|5.33|) gives {fci,fc2,fc3} = {ji, j2, js}- Hence we get a 
contradiction with the hypothesis (I5.8P . □ 



Lemma 5.4. Let m > be an integer and P3{u) G Vslu) such that P3{u) — 
ud^udJ^^^u. Then there exists C > such that 

IfN^iu) - /^1MIU^(..,„+.) < , . f,, ,,, , yN,M e N. 

Proof. We assume for simphcity P3{u) = ud^ud^^^u (the general case can 
be treated in a similar way). Next we assume N > M and we shall use the 
parametrization ()1.3p with k = 2(m + 1) to describe our probability space. Hence 
we get the following representation 

where 

(5.34) - {(*,J, k) e A\\i\, IjI, < N and max{|*|, > M} 

and A is defined as in (|5.7p . By Lemma [Ol we get: 

\\ff,^i^{u;))-flli^{u;W 



< F \^(- + - 



LI 

1/1 1 \ 1/1 1 



where 

^J', = {(7;,i,fc)e<,|i <j<fc}. 

Next notice that the following elementary property holds 

Al, C {(*,j, fc) e ^|Card{|i|, IjI, |A:|} e [Af/2,iV]} > 2} 
and hence we easily get: 

, IjI ^ I^K ^ Ur+^Mzi + |fc|J + \k\^^A\i\ + IjI 



<C E < 

(i,n)eNxN ■ 
n>- 



1 C_ 

;2(m+l)„2 - M' 



□ 



In next lemma the functions hxiu) are the ones defined in Proposition 
Lemma 5.5. Let m > be an integer. Then there exists C > such that 

WhNiu) - /iM(w)||L^(d,„„+i) < , . ^'^ yN,M e N. 
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Proof. Notice that \W{i^)\\']j^+i/2 = I]nez\{o} where ip{uj) is defined 

as in ()1.3p for m = 2(fc + 1). Hence the proof follows as in jT4] (see Lemma 4.7). 

□ 

Proof of Proposition [57l] In Lemma [5.41 we have proved (|5.ip for p = 2. The 

case p > 2 follows by combining the estimate for p = 2 with the Wiener Chaos in 
the same spirit as the paper [2] (see the proof of Lemma 4.3 in [TT ). The estimate 
(|5.2[) follows by (|5.1I) in conjunction with Proposition 14. II 

□ 

We refer to 9, for a background on the estimates for the Wiener Chaos. 

Proof of Proposition 15.21 By combining Lemma 15.51 with the Wiener Chaos 
in the spirit of T4] we get (|5.4|) for any p > 2 (see the proof of Lemma 4.8 in 14 ). 
Finally (|5.5|) follows by combining ()5.4|) with Proposition 14. II 

□ 

Arguing as in the proof of Proposition 15.11 and 15.21 we can prove the following 
result (that will be useful in the sequel to prove Theorem 11.11 in the special case 
k = 2). 

Proposition 5.6. There exists C > such that 

(5.35) ^J^l{u e H^/'^-^\\Ei/2{ttnu) - ajv - Ei/2{-kmu) + aAfl > A} 

^ g--^(AVmin{A/,Ar})2/^ 

and 

(5.36) ^il{u e H^/^-'WIttnu - TTMuWl, >X}< e-^(V--{M,iV}) 

yM,N e N,A > 0. 

Proof. The proof of (|5.36p follows the same argument as the proof of ()5.2|) 
and (|5.5p (i.e. it follows by combining Lemma 15.31 with the Wiener Chaos and 
Proposition 14. 1 p . By a similar argument we can prove 

fll{u e H^^'-^\\R,/2{^MU) - Ri/2{7^MU)\ >X}< e-*(AV-n{M,iV})^/3^ 

By combining this estimate with (15. 5p (for to = 0) we get (|5.35p . □ 

6. Proof of Theorem 11.11 for k = 2(m + 1), to > 

Along this section, when it is not better specified, we shall assume that m > is 
a given integer. We recall the following notations to describe the energies preserved 
by the Benjamin-Ono fiow: 

Em+i{u) = + R,n+iiu); 

Em+l/2{u) = ||u||^„+i/2 + Rm+l/2iu). 

We also introduce the following functions 

/^:i7"+i/2-^9?/^i?,„+i(7rwu); 

(recall that j/™+i/2-e of full measure for fim+i)- Notice that we can write the 
identity 

gN{u) - h^iu) = R„i+1/2{'^NU) 
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where /lAr(u) is defined as in Proposition [521 For every pj{u) G Vjlu) we introduce 

(6.1) f^' : iJ"+i/2-£ J pj{-nNu)dx e M. 

Next we split the proof of Theorem 11.11 (in the case k = 2(m + l)) in several 
propositions. 

Proposition 6.1. Let m > be an integer and tp G Cc(IR.) be given. Then there 
exist two functions h{u),f{u) measurable with respect to /^m+i such that: 

(6.2) \h{u)l \J{u)\ < oo, a.e. (w.r.t. ^m+i) u G i/™+i/2-e. 

2m 

(6.3) X{ij{E,/2{^Nu)mE,^+i/2{T^Nu) - ajv)e-«'"+^(-"") 

converges in measure to 

2m 

n V(%2(W))V(^(") + i?,n+l/2("))e~^"^"^ 
j=0 

Moreover 

(6.4) \Ej/2{u)l |i?™+i/2(w)| < oo, a.e. (w.r.t. fi„,+i) u G 

The proof of p.4p follows by (|6.12p and (|6.13p in Lemma [6.31 Hence Proposi- 
tion [H^l follows by Lemmas 16. 3[ 16.41 in conjunction with the following proposition. 

Proposition 6.2. Let m > be an integer and ijj G Cc(M) be given. There exist 
f{u),h(u) measurable functions with respect to fim+i such that: 

(6.5) \h{u)l \f{u)\ < oo, a.e. (w.r.t. /im+ij u G i/™+i/2-^. 

(6.6) i?„i+i(7rjvu) converges in measure w.r.t. fim+i to f{u); 

(6.7) lim ||'0(gv(u)) - V'(/i(") + ^m+i/2(w))||L9(dM™+i) = 0' V9G[1,oo). 

N^OO 

Moreover we have 
(6.8) 

lim \\tlj{Ej/2{TrNu)) - '(/'(£^j72(w))IU<!(<iAi™+i) =0, Vg G [l,oo),j = 0,...,2m. 
First we prove the following lemma. 
Lemma 6.3. Let m > 1 be an integer then the following limits exist: 
(6.9) lim /?/(u) = / pj{u)dx G M, a.e. (w.r.t. Hm+i) u G i/™+i/2-e 

provided that 



(6.10) j > 3, pj{u) = Y[ d"'u with < ^ < 2r 



1=1 



(6.11) j — 3, P3{u) — with < Q^i = 2m + 1 and min > 1. 



i=l i=l 
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In particular 

(6.12) lim R,n+i/2{T^Nu) = R„i+i/2{u) e M 

a.e. (w.r.t. fim+i) u G i7'»+i/2-e^ 

Moreover we have 

(6.13) \Ej/2{u)\ <oo, Vm e H"'+^^'^-\j = 0,...,2m. 

Proof. We assume for simplicity Pj{u) — Pj{u) (the general case can be treated 
by a similar argument). 

The proof of ()6.9p (under the hypothesis ()6.10p ') follows by Lemma [3.61 
Concerning the proof of ()6.9|) . under the assumption (|6.11|) . we notice that by 
integration by parts we can assume 

Hence we get 

' P:i{u)dx <C\\u\\%A\d^-uU^<C\\u\\l„4uU„ 



where we have used the Sobolev embedding VI^^-p c L°° provided that ep > 1. On 
the other hand by a suitable version of Proposition l4.2l (where we replace |j.|| w-pby 
\\.\\wrr.+..p) we get u G a.e. ( w.r.t. /i,„+i) u G i/™+i/2-e ^nd hence ^ 

follows. 

The proof of ()6.12p follows by combining the structure of £'m+i/2 (see (12. 5|) ) with 
()6.9|) (under the assumption ()6.10p ). The proof of (|6.13p follows by a similar argu- 
ment. 

□ 

The next result is a suitable version of the previous lemma in the case m = 0. 
Lemma 6.4. The following limits exist: 

(6.14) lim RiI2{tinu) = Ri/2{u) G M, Vu G H^'^^^] 

TV— ^OO 

(6.15) lim / {■nNu)'^dx = / u^dx, \/u G H^''^^". 

N^ooJ J 

Proof. By looking at the explicit structure on i?i/2 (see the introduction) we get 
Ri/2iu) = 5 / u^dx. On the other hand by the Sobolev embedding C 
we get u G L^, and hence ()6.14p follows. By a similar argument we deduce (|6.15p . 

□ 

Proof of Proposition [572] By Proposition 15 . II and 15 . 21 there exist two functions 

Lhe n'^^j^Li{d^i,n+i) such that: 

(6.16) lim WfP^iu) - /(«)|U,(d^„^o = (provided that p^iu) = udTud^^+^y, 

(6-17) lim ||/iAr(u)-/i(M)||i<,(rf )=0. 

Proof of 

If m = then it follows by (|6.15p . (|6.16p and by looking at the explicit struc- 
ture of El (see the introduction) . 

If m > 1 then it follows by combining (|6.9p (under both assumptions (|6.10p and 
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()6.11|) ). (|6.16|) and the algebraic structure of i?m+i(u) (see p.4|) ). 
Proof of 



It is sufficient to prove that for every sequence Nk there is a subsequence N^^^ 
such that 

(6.18) hni \\^{gNk^ (u)) - i(j(h{u) + R,n+i/2{u))\\Li{dfi^+i) = 0. 

Notice that by combining (I6.12p (when m > 1) and (|6.14l) (when m — 0) with 



■ 171) we get a subsequence Nk such that 

a.e. (w.r.t. Hm+i) u E i7™+i/2-£ 



hm (hN^iu) + Rm+i/2{TrNkU)) ^ h{u) + Rm+i/2{u) 



Since sup„g^m+i/2-t |V'(5Affc (w))| < supip and rf/im+i (_ff™+-'^/^ = 1 we can apply 
the dominated convergence theorem to get (j6.18p . 



Proof of 

If TO > 1 then we combine (|6.9p (under the assumption (|6.10p l with ()2.4p and 
(|2.5p in order to get Ej/2{'KNu) — > Ej/2{u), a.e. (w.r.t. ^m+i) u e jjrn+i/2-e j-q^. 
j = 0, .., 2m. Hence the proof for to > 1 can be concluded as in (|6.7p . 
The case to = is simpler since we have fii{L^) = 1 and hence ||7rjvw||/^2 — > 
||m||^2, a.e. (w.r.t. /ii) u G L^. The proof follows as above. 

□ 

The next proposition allows us to deduce that the limit functions constructed in 
(|6.3p belong to L"^ (dfim+i) ■ 

Proposition 6.5. Let to > and ip G Cc(M) be given. For every q G [l,oo) we 

have 

(6.19) 



2m 

sup\\Y[^/j{Ej/2{nNu)mE^+i/2{TTNu) - ajv)e-^'"+i(""") 

3=0 



N 



< oo. 



Lemma 6.6. Let m > be an integer and P3{u) G V3{u) such that P3{u) = 
ud™ud^'^^u. For every R > there exists C = C{R) > such that 

(6.20) fim+i{u G i?"+i/'-1|/^^(u)| > A, \hN{u)\ <R}< Ce~^ 

ViV G N, A > 0. 

Proof. We fix < e < i and 1 < p < oo such that ep > 1. Then by Lemma 13.41 
we get 

|/a?(w)| < C\\TrNu\\jj„,+i^2\\TTNu\\w'.p 

and hence 

\ff;iu)\ < CiaN + R)\\ttnu\\wv 
Vu G {m G H"'+^/^''\\hNiu)\ < R}. 
The proof follows by Proposition |L2l (in fact notice that the same proof of Proposi- 
tion |L2] works in the case when the vector ip{Lu) is replaced by 7rAr(/3(a;) with uniform 
bounds that do not depend on N). 
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□ 

Next we present a modified version of Lemma 16.61 that will be useful to prove 
Theorem ll.ll for k = 2 (i.e. m = following the notation introduced in this section). 

Remark 6.7. Indeed the main difference between the case m — and m > is that 
Proposition 13 . 1 1 is not available for m = 0. 

Lemma 6.8. Letp^iu) e 7^3 (u) be such thatp3{u) — u^dxU. For every R> there 
exists C = C{R) > such that 

(6.21) fii{u e H^/^-'\\fP;iu)\ > A, \\ttnu\\l2 < R, \Ey2i7TNu) - aw| < R} 

< Ce V7V e N,A > 0. 

Proof. First notice that due to p. lip we have the following estimate: 

lkAr"ll^i/2 < \Ri/2{t^Nu)\ + |£^l/2(7rArM)| 

Vu G {u e H^^^~''\\\7tnu\\l2 < R, \Ei/2{TrNu) ~ unI < R}. 
The estimate above implies 

(6.22) hNuf 1 <C{aN + 1) 

H 2 

Vu e {w e H^/'^^''\\\t:nu\\l2 < R, |£^i/2(7rAru) - ajvl < R} 
where C > is a suitable constant. By combining Lemma with (|6.22p we get 

P3i'^Niu))dx < C||7rjvu||^i/2||7rAru||iy.,p 

< C{aN + l)||7rAru|| w^.p. 
The proof can be concluded as in Lemma 6.3. 

□ 

In the sequel the sets A^j^j^ and ^ arc the ones introduced in (|5.3p and (|5.6p . 

Lemma 6.9. Let m > be an integer and P3{u) e 7^3(1*) such that P3{u) — 
ud^udjp+'^u. Then 

(6.23) Mm+i^ e H^'^^/^-'WfNiu)] > A, \hN{u)\ <R}< d/i,„+i(Bf,,jv) 

+ ^i„^+l{u e H"^+'/^-^\finu)\ > ^AhMiu)\ < R + S} + df,,„+i{ATji)^ 

V M, N, A, R, S. 

Proof. We have the following elementary estimates: 

e H"'+'/^-'\\fP;{u)\ > A, |/i^(u)| < R} 

A 

2' 



< f,m+l{u e i/™+l/2-^||/P|(K)| > -, \hNiu)\ < R} 



+A*m+l(-Bff_Ar) + Mm+l(^M,A')- 
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On the other hand 

{u e i/™+i/2-e \ Bi,ij^\\hN{u)\ <R}(l{ue H'''+^^^-'\\hMiu)\ <R + S} 
and hence we get (|6.23p . 

□ 

Next we propose a modified version of Lemma 16.91 that will be useful to prove 
Theorem ll.ll for k — 2 (i.e. m — following the notation introduced in this section). 
See Remark 16.71 to understand the difference between the case m = and m > 0. 

Lemma 6.10. Let p^(u) £ 'Pj,{u) such that p^{u) — u^d^u. Then 

e H'^^''\\fP,'iu)\ > A, \\7:nu\\l2 < R, |Si/2(^iv") - «w| < R} 
< fii{u e H^^^^'-\\Ei/2iTrNu) - - Ei/2{ttmu) + aM\ > S} 
+^ii{ue H^-'Wflliu)] > ^,||7rMu||i2 <R + S,\Ey2{TrMu)~aM\ <R + S} 

+fXiiA''j^jJ) + lii{ueH^/^-'\\\nMU~TrNu\\L-^> S}, VM, iV, A, i?, 5. 
Proof. It is similar to the proof of Lemma [ 



□ 

Proof of Proposition [6751 We have to prove (|6.19p . 
Claim 

R is sufficient to prove (j6.19p with replaced by where 

(6.24) psiu) = ud^ud^+^u. 

To prove the claim first notice that due to the factor Y[^=o ''l'{Ej/2{'^Nu)) in (|6.19p 
and due to p.lOp . we deduce that the L"^ (diim+i) norm in (|6.19p can be computed 
on a sub- region fl^ <Z g^^j^ i}ig± 

(6.25) nN = {ue < 
with C that does not depend on N. Next we prove the claim. 

First case: m > 2 



By combining Lemma l3.5l and Lemma l3.6|, and by looking at the structure of E,n+i 
in (|2.4p we deduce that 



sup 

N 



P3{u)e'P3{u)s.t. 



< oo. 

i°°(n„) 



This implies the claim for m > 2 

Second case: m — 

In the case m = we have 

3 
4 
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and hence we get the claim due to the positivity of the last term. 
Third case: m = 1 

By looking at the structure of E2 and by using Lemma 13.61 we deduce that the 
claim follows provided that we prove 

(6.26) sup||e'l/''(^"")l|Ui(a„,<ip,) <oo 

N 

where JIat is defined in (|6.25p and p{u) e Vz{u) is such that p{u) — [dxuY . For 
simphcity we treat the case p{u) — (dxu)^ (the general case can be treated in a 
similar way). We have the following estimate 

|/^(7rAru)| < C||7rArit||^i|j(93;7rjvw||L= < C\\ttnu\\wi+.,p 
provided that u G fi^r and ep > 1. Hence we get 

{u e nN\\FiTTNu)\ > A} C {u g r2Ar|||7rAr(u)||vvi + ..p > AC"^} 

which in turn implies 

e nN\\Fi7rNu)\ > X} < Ce-^ 

where we have used an adapted version of Proposition 14.21 (i.e. we choose ip{uj) as 
in (|1.3p with k = 4 and the norm W^'^ is replaced by W^^'^'P). As a consequence 
we get 

f e«l^''(''"")ld/i2 < / e«^d^2{M e f7jv||/f(7rjv'a)| > A}dA < 00. 

Next we shall prove (|6.19p where Jn is replaced by with P3{u) that satisfy 
(|6.24l) . and it will complete the proof. 

We split the proof in two subcases. 

First case: m > 

Since ip is compactly supported there exists R > such that 
a.e. (w.r.t. fim+i) u, \fj = 0, ...,2m 

and also 

< ^{gN{u)) < X{«Gff™+i/2-.= ||g„(„)|<fl}, a.e. (w.r.t. /i,„+i) u 
where XA denotes in general the characteristic function of A. In particular 

2m 

0<l[^{E,/2{u)m9N{u)) 

- ^nj=o{«e-f^'"+'^'"''ll^i/2('^iv«)|<fl}n{«eH-+i/2-.||g„(„)|<K} 
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which due to Proposition 13.11 imphes 

2m 

< Yl'il}{Ej/2{TrNu))'4}{gN{u)) < X{ueH'^+^/^-'\\h,~,{u)\<R} 

for a suitable R > that can be different from the previous one. Hence it is 
sufficient to prove 

sup / e«l^" < oo, ViV e N 

N J{uG-f/'"+i/2-«||hjv(t,)|<i?} 

where P3{u) satisfies (I6.24p . The estimate above is equivalent to: 

sup / ^i„^+l{u e > A, \hN{u)\ < R}e'^^dX < oo. 

N Jo 

In turn it follows by the following ones: 

/•oo 

(6.27) sup / Mm+i{w e > A, \hN{u)\ < Rje'^^dX < oo 

N JVIV 

and 

(6.28) sup / e > A, \hNiu)\ < Rje'^^dX < oo. 

N Jo 

By (lOOl we get: 

/OO 
e i/™+i/2--||/P3(„)| > A, |/ijv(^*)| < Rje^^dX 

<sup/ Ce ^e'^dA = Csupe^^ / e ^^^°iv ^^'^""'dA 
= C sup e -1 / e V CajqdX 

N 

2 

which due to the bound e^*" < e^^ for every r > 1 can be estimated by 

N 

which implies (|6.27p . 

In order to prove (|6.28l) we use (|6.23p where we fix M = [A]^ (here [A] is the integer 
part of A) and 5* > will be chosen later in a suitable way. By recalling also (|5.2I) , 
(|531) and (|O0| we get: 

G i/™+i/2-^||/P?(^.)| > A, |/iAr(u)| < R}e'iUX 

< / Ce ^ +C(e-^+*^ + e-^(^W)'+«^)dA 

where C > are uniform constant that can change at each step. Notice that if we 
choose S large enough compared with q then 

Ce ^ +C(e-^+''^+e-*(tW)'+'^)dA 



< sup(Q;Are" 



sup 
iv Jo 
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^0 

which impHes (|6.28p . 
Second case: to = 

The main difference with the case m > is that we cannot apply Proposition 13. II 
Due to the cut-off function -0 it is sufficient to prove 

sup ( e«l^« <oo, ViV e N 

N J{uem'^-^\\\TTNu\\^2<B.AE^,2(-^Nn)-aN\<R} 

where psiu) satisfies P3{u) — u^dxU and i? > is a suitable constant. The estimate 
above is equivalent to: 

/•OO 

sup / fii{C\^N)e'^^dX < OO 

N Jo 

where 

Cx,N ^{ue H'^^-'\\fP,'iu)\ > \, \\7Tnu\\l2 < R, |£;i/2(^jv") - awl < R} 
and in turn it follows by the following ones: 

(6.29) sup/ fii{Cx,N)e'^^dX < OO 

N JNf 

and 

(6.30) sup/ ^ii{Cx,N)e''^dX<oo 

N Jo 



where /3 > will be fixed later. By Lemma 16^ we get: 

sup / fii{Cx.N)e''^dX 

N Jn^ 

< sup / Ce ^"N e^ dX ^ C supe « / e ^ dX 

N JnP N JnP 

= Csupe * / e \CoifqdX 

N J^ fx/Cciv 



which due to the bound e ^ < e ^ for every r > 1 can be estimated by 
... < 2 sup(aAre " e ) 



N 

which implies (|6.29p for every f3 > 0. 

In order to prove (|6.30p we use Lemma [6.101 where we fix M — [A]^/^ (here [A] is 
the integer part of A) and 5" = 1. By recalhng also (|5?2|) . (|535|) . (fOej) and (|63T|) 
we get 



3up / ^i(CAAr)e«^dA < sup / Ce 

AT Jo A Jo L 



dA 
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where C > denote uniform constants which can change at each step. Notice that 
if we choose /3 < 1 then we can continue the estimate as follows: 



...<sup/ e-^^'^^"+«^dA < OO 

N Jo 



N Jo 

for suitable C, eo > 0. Hence we get (j6.30p 



□ 



Proposition 6.11. Let f(u),h(u) be as in Proposition \KT\ and XR o,^ *^ Theo- 
rem Then 

2m 

U supp{Y[xRiEj/2iu))xR(h{u)) + Rm+l/2iu))e^^''''^) = SUpp(;U„+i). 
-R>0 j=0 



Proof. Due to (jO)) and we get 

(6.31) Mm+i{w e ^ oo} 

= ^im+i{u e i/"+'/'~'||i?,„+i/2(w)| = oo} = 

and 

(6.32) tJ-m+i{u e iJ-^+i/s-^ig-ZM = 0} = 
Moreover by (|6.4p we also get 

(6.33) fim+i{u e H''^+^^^-'\\Ej/2{u)\ = oo} = 0, Vj = 0, ...,2m. 

As a consequence of (|6.31l) and (|6.33l) . and by noticing that X-r(0 ^ 1 as i? oo, 
we deduce: 

2m 

lim TT XR{Ej/2{u))XR(h{u) + Rm+i/2{u)) = 1 

a.e. (w.r.t. Hm+i) u G H'^+i~^ 
and hence by the Egoroff Theorem we get 

> 3ns C iJ™+i/2-£^ ^ > s.t. 

2m 

Mm+i(^^5) > 1 - <5 and J| Xr{Ej/2{u))xr{Hu) + Rm+i/2{u)) > 1-6 

3=0 

a.e. (w.r.t. ^m+i) u G f^<5 and Vi? > R. 
By combining this fact with (16.321) we deduce 

2m 

/i„,+i{ y supp(]^XK(£^j72(w))Xfl,(^(w) + i?m+i/2(u))e"^^"')} = 1- 

R>0 j=0 

□ 

Proof of Theorem [iTl] for fc = 2(to + 1) 
It follows by combining Propositions 16.11 16. 5[ 16.111 

□ 
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7. Proof of Theorem 11.11 for k = 2m + l, m> 

In this section we briefly describe how to adapt the proof of Theorem 11.11 given 
for A; = 2(m + 1) to the case k = 2m + 1. We do not give the details of the proofs, 
however we underline the points where they have to be modified compared to the 
case k — 2{m + 1). The following is an adapted version of Proposition 13. II 

Proposition 7.1. Let k > 2 be a fixed integer. Then for every i?2 > there is 
C = C{Ri,R2) > such that 

2k-l 

(7.1) n ^ H'''^^^\\E^f2{u)\ < Ri} r){ue H''-^^^\\Ek{7TNu) - aN\ < R2} 
3=0 

c {u e h''-^\\\u\\h<^-i/2 <C}n{ue h'^-'^^^WIttnuW^j^^ - ajvl < C}, ViV e N. 

Proof. It is similar to the proof of Proposition 13. 11 hence we skip it. 

□ 

By looking at (j2.5|) . in analogy with our argument used to treat the conserva- 
tion laws Em+i, the most dehcate terms to be treated in £'„i+i/2 are of the type 
/ p^{u)dx where 

(7.2) pz{u) e Vi{u) and Pi{u) = ud^'ud^u. 

Next we present an adapted version of Propositions 15.11 and 15.21 in the case when 
P3{u) satisfies (|7.2p . We recall that the Sobolev spaces H"^~'^ are a support for the 
measure fJ-rn+i/2 for every e > 0. This fact will be used in the sequel without any 
further comment. 

Proposition 7.2. Let m > 1 be a given integer and ps^u) € Vsiu) be such that 

P3{u) = ud^ud^u. 
Then for every a E (0, ^) there exists C — C{a) > such that 

(7.3) WfH^Nu) ^ f^H^Mu)hnd,^^,,.) < ^ (^i^'at}). ' VM,iVeN,p>2 
where f^^{v) — J P3{v)dx. In particular 

(7.4) 3C > s.t. /i„,+i/2(A^;^) < e-*(^"""{~'^^>°)''', VM,7V e N, A > 
where 

(7.5) Alf^ ^{ue H^^-^WfP^iTT^u) - fP^inMu)\ > A}. 
Proposition 7.3. Let m > 1 be a given integer. There exists C > such that 

(7.6) WhNiTTNu) - /lM(^M")||LP(dM„+v2) ^ g , . .n ' VM, iV G E,p > 2 
where /i^ (w) — ||'y||^,„ — ctK for any K £fi. In particular 

(7.7) 3O0 s.t. A*r„+i/2(SM,Jv) < e-*(^V™"{^^*^», VAf,iV € N, A > 
where 

(7.8) Bl,^r^ =. {u e H'^-'WhNinNu) ~ hM{^Nu)\ > A}. 



INVARIANT MEASURES FOR BO 



31 



Sketch of the Proof. The proof of Proposition 17.31 is identical to the proof 
of Proposition 15.21 Concerning the proof of Proposition 17.21 notice that (following 
the proof of Proposition 15. ip it is sufficient to prove (|7.3I) for p = 2. By using the 
parametrization (|1.3p (for k = 2m + 1) we have to estimate 



E 



ii,j.k)eA« 



where A^^ is the set defined in (I5.34p . By using Lemma 15.31 and arguing as in 
Lemma 15.41 we can estimate the quantity above by 

1 



E 

(jj)GZ\{0},i+j5^0,|i|>f 



C 



< 



for every a £ (0, 1). The last estimate can be deduced by looking at the argument 
in [TJ (see end of page 500). 

□ 

Next we present a lemma allowing us to treat all the terms that appear in the 
expression of £',„+i/2 except the ones with the structure (|7.2p (see (|2.5p ). 

Lemma 7.4. Let m > 1 be an integer and p^(u) G 7^3 (u) such that 

3 3 

(7.9) Piiu) = TT 9"* with Ui = 2m and 1 < min a; < max ai < m. 

t — 1,2.3 ii — 1-2.3 

1=1 i=i 

Then for every e > 0, p G [1, oo) such that ep > 1 there exists C = C{t,p) > such 
that: 

Pz{u)dx < C||u||^,„_i/2|lu|lw™-i+«.i'- 

Sketch of the Proof. We treat for simplicity the case p^iu) — P3{u) (the gen- 
eral case can be treated by a similar argument). Next we also assume ai > a2 > a^. 
Notice that by an integration by parts argument we can always reduce to the fol- 
lowing two cases. 

First case: ai = m, a2 = rn — 1, as = 1 

In this case combine Lemma [3.31 with the Sobolev embedding W^'^ C L°°. 
Second case: ai < m — 1 

In this case we combine the Cauchy-Schwartz inequality with the Sobolev em- 
bedding W^'P C L°° and we get 



P3iu)dx < \\u\\jj„.-4d:^-'u\\w^.. 



Lemma 7.5. Let m > 1 be an integer and p4^(u) € 7^4(u) such that 

(7.10) pi{u) = w^a^-aa^-iy. 



□ 
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Then for every e > 0, p S [1, oo) such that ep > 1 there exists C = C{e,p) > such 
that: 

Pi{u)dx < C||u||^™-i/2(||u||^i||u||M/r„-i+.,p + ||u||^,„-i/2||u||^i). 



Proof. We treat for simplicity the case P4{u) — u'^dJ^udJ^^^u. Indeed in this 
specific case we could get the estimate as a direct application Lemma l3.3l However 
we propose a different and more robust proof that can be generalized for any P4(u) 
as in the assumptions. We start by the following inequality: 



(7.11) 



{dxVi)v2dx < ||ui||^i/2||i;2|iHi/2. 



By using the above estimate, where we choose vi = 9™ and V2 = u^d"^ ^u, in 
conjunction with the following one: 

(7.12) ||wiW2||_f/i/2 < C(||wi||^l/2||t(;2||L~ + ||wi||L~||w2||/i-i/2) 

we get 

' Pi{u)dx <C\\d^-^u\\Hi/2\\u'^d'^"-'^u\\Hi/2 



By using again (|7.12p in conjunction with the Sobolev embedding M^'^^p c L°° we 
get the result. 

□ 

Lemma 7.6. Let m > 3 be an integer and pj(u) e Vj(u) such that 
j j 

(7.13) Pj{u) = Y\_ ^"'"^ '^i — 2™ ~ 1 '^"''^ max < m — 1. 

Then there exists C > such that: 

Pj{u)dx < C||u||'^„_i. 

Sketch of the Proof. We suppose Pj{u) — 11^=1 ^"'^ with ai > ... > c(j (the 
general case works with a similar argument). By integration by parts we can reduce 
to two cases. 

First case: ai = m — 1, 0:2 = m — 1 

In this case by assumption we get < 1 for every i = 3, Hence by using 

the Cauchy-Schwartz inequality and the Sobolev embedding C L°° we get 



Pj{u)da 



<\\d'r'u\\hll\\u\\H2. 

i=3 



Second case: Ui < m — 2 Vi = 1, J 

By using the Sobolev embedding C L°° we get 

J p,iu)dx\<f[\\dS^u\\H^ 



INVARIANT MEASURES FOR BO 



33 



and hence we conclude. 

□ 

Next we give an adapted version of Lemma WM Recall that the functions hN{u) 
and fP^{u) are the ones introduced in Propositions 17.21 and 17.31 

Lemma 7.7. Let m > 1 be an integer and p^(u) e V^iu) he such that 

P3{u) = ud^ud^u. 
For every R > there exists C ~ C{R) > such that 

(7.14) ^im+l/2{ueH'''"'\\r'{7^Nu)\ > X,\hNi7TNu)\ <R}<Ce ^ 

ViV e N, A > 0. 
Sketch of the Proof. We have the following inequality 

P3{'KNu)dx < C||7r7vu||vK^.p||7rArw|j|j-™ < C(aAr + i?)||7rAru||vi/=.p 



provided that u belongs to the region on l.h.s. of ()7.14p . The proof can be concluded 
by using the following estimate 

f^m+i/2{u e H"'~''\\\u\\w'.p > A} < Ce-^, VA > 
whose proof is similar to the proof of Proposition 14.21 (the unique difference is 
to use along the proof the random vector ip{io) = X^n^o \n\-^+'i/2 e'""^ instead of 

□ 

The following version of Proposition 16 . 1 1 can be easily proved. Hence we skip its 
proof. 



Proposition 7.8. Let m > 1 and ip G Cc(M) be given. Then there exist two 
functions h{u),f{u) measurable with respect to /im+i/2 such that: 

\h{u)\,\f{u)\ < oo, a.e. ueH"'-"; 

2m-l 
3=0 

converges in measure to 



Y[ i^{Ej/2{u))il;{h{u) + RM)e 



-fin) 
j=0 



Moreover 



\Ej/2{u)\,\R.m{u)\ < CO, a.e. (w.r.t. ^rn+1/2) u e H"^ " 
\fj = 0,...,2to- 1. 

The proof of Proposition 16.111 can be easily adapted to give the following result. 

Proposition 7.9. Let f(u),h(u) be as in Proposition \7.8\ and xr is in Theorem 
rOl Then 

2m-l 

(J supp( Y[ Xr{Ej/2{u))xr{Hu)) +i?™(u))e^-^(")) = supp(^„+i/2). 

R>0 j=0 
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The last step we need in order to prove Theorem 11.11 in the case k = 2m + 1 is 
the following version of Proposition [631 



Proposition 7.10. Let m > I and E Cc(K) be given. For every q E [l,oo) we 

have 

(7.15) 



sup I Y\_ i>{Eji2{T:Nu))ij{Em{TTNu) ~ aN)e 



N 



< 00. 



Sketch of the Proof. 



First case: m > 2 



Arguing as in the proof of Proposition 16.51 (as in the case m > 0) and by using 
Lemma [7771 Proposition 17.21 and 17.31 we can prove (|7.15|) provided that Rrn+1/2 is 
replaced by f^^ with psi^u) that satisfy (|7.2p . 

Second case: m = I 

Arguing as in the proof of Proposition 16.51 (as in the case m = 0) and by using 
an adapted version of Lemma 17.71 (in the same spirit as Lemma l6.10p we can prove 
(|7.15|) provided that i?i+i/2 is replaced by /^^ with P3{u) that satisfy ()7.2p with 
m = 1. 

Hence the proof of (I7.15P follows provided that we prove the following claim (see 
the analogous claim stated along the proof of Proposition 16. 5p . 

Claim 

It is sufficient to prove (j7.15l) with Rm-\-i/2{'^Nu) replaced by /^^(ttatu) where 

(7.16) P3(it) =w<9;"m<9;"u. 

Due to Proposition 17.11 and due to the cut-off function ij) we deduce that the 
norms (that appear in (|7.15p ) are actually computed in the region rijv given by the 
condition 

(7.17) VlN^iue i?'""'|||7rAru||^™-i/2 < C} 

where C > is independent on N . 
Next we prove the claim. 

First case: m > 3 

By looking at (|2.5p it is sufficient to prove that 

(7.18) sup lle'l/"^ < 00 

where pj(u) satisfy ([7\9| . (fTJO]) and (|7T3| . Notice that \ipj{u) satisfies ([7T3l) then 
in the region 0.^ (see (|7.17p ) we get sup^ \\P^ [-kmu)\\i^^(^q_j.^) < 00 (where we have 
used Lemma [Ll]) and hence we deduce (|7.18p . Next we treat the case when P3{u) 
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satisfies (|7.9p . In this case by LemmaEHwe get \fP^{nNu)\ < C|j7rjvu|j^ym-i+.,p, 
provided that u G ^In- In particular 

{u e QN\\F''i'^Nu)\ > A} c {li e flN\\\nNu\\w^-'-+'.p > AC~^} 
and hence (by using a suitable version of ProDOsition l4.2l) 

;^2 

{u e nN\\r'i7rNu)\ > X}) < Ce-^ 
for a suitable C > 0. As a consequence we get 

sup / e^l/^^ 

= sup / e«^d/i„+i/2{u e 17Ar||/P^(7rAru)| > A}c?A < oo. 

N Jo 

With a similar argument we can prove sup^ lle''-''''''^"'"-" ||Li(a„.(i^„+i/2) < '^^^^ 
as in (TTTU)) . 

Second case: m — 1 

Looking at the structure of -B3/2 (see the introduction) we have to show that 
sup^r ||e9l-'"'(''"")l||ii(f2„,dA<3/2) < °° where p(u) u^Hd^u, p{u) = u'^H{ud^u), 
p{u) — . 

Notice that by the Sobolev embedding H^/^ C we get 



I j {■knu) dx\ < C||7rjvu||;^i/2 < C, Vu e flN 

(see (|7.17p for m = 1) and hence we get the desired bound when p{u) = u^. 
Next we treat the term p{u) = v?HdxU (the term p{u) = H {udxu) can be 
treated in a similar way). By using (|7.1ip (used along the proof of Lemma l7.5|) in 
conjunction with the estimate 

\\viV2\\h^/2 < C(||ui||^l/2||i;2||L~ + ||w2||/f-i/2||l'l||L~) 

we get 

{TTNuf{HdxTTNu)dx < C||7rAru||^i/2|l7r7vM|lioo < C|l7rAru|||oo , Wu e ^In 

and hence by Sobolev embedding Hi C L°° we get 

... < C||7rAru||^2/3 < C'||7rArw||j:^i/2||7rAru||^5/6, Vu G fl^- 
Then we deduce 

{u e QN\\F{'n-Nu)\ > A} C {u e rJjv||l7rAru|lj:^5/6 > AC"^} 
and hence (by using a suitable version of Proposition 22]) 

M3/2{" e nN\\F{7rNu)\ > A} < Ce-^. 

In particular 

f°° 2 

sup|le9l/''(-«-)l|l^,(^^_ ) < sup / e^^e'^dX < 00. 

AT Af Jo 



Third case: m — 2 
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The bound sup^ He'?'-'"'^'^""^' ||Li(o„,dM5/2) < °° follows by Lemma [731 in conjunc- 
tion with a suitable version of Proposition 14.21 (used in the same spirit as above) , 
in the case p{u) G V^{u) (but p{u) does not satisfy (j7.16p ). If p(u) € 7^4(u) satisfies 
()7.10p then we can conclude by using Lemma 17.51 in conjunction with a suitable 
version of Proposition |421 
Next we treat the case 

P4,{u) e Vi{u) such that Pi{u) — u{dxuf' . 

By combining the Holder inequality with the Sobolev embedding W^'^ C L°° (pro- 
vided that ep > 1) we get 

Pi{TTNU)dx < C\\TTNu\\^jji\\dxTrNu\\L'^\\TTNu\\L'^ 

< C\\nNu\\'lji\\dxTrNu\\w^-p < C\\nNu\\yyi+e,p , Vm e n^. 

Hence we can conclude as in the previous cases by using a suitable version of 
Proposition 14.21 

Finally notice that by using the Sobolev embedding C L°° for any p £ [l,oo) 
we get sup^ e'^l^''^'^™^")! < oo in the cases p{u) £ Vsiu) and p{u) = [OxU^u^, 
p{u) £ V%{u) and p{u) — u^dxU, p{u) = vJ . 
The proof of the claim is concluded. 

□ 

8. Computation of j-^E,-n+i{-KNu{t,x)) 

In this section we shall use the notations introduced in Section [51 Our aim is to 
construct for every G N and for every fixed m € N a function 

Gm+1,N '-Tn 

where 

(8.1) Tn = { J2 c,e''lc,^cA 



and such that 



b1e(o,A'] 



where u(t,x) are solutions to the truncated Benjamin-Ono equation (|1.6|) . 
First we introduce some preliminary notations. 

To p{u) £ U5i^2^n(^) associate a new object dependent on iV e N that will 
be denoted by p*f^{u). 
Let p{u) be such that 



1=1 

for suitable < ai < ... < an and £ N. First we define p* j^{u) as the function 
obtained by p{u) replacing 9"*(u) by 9°' (7r>Ar(u9a;u)), i.e. 

(8-2) K,Ar(w) =P(w)|a.°-«=9:M'r>«(«9.«))' ^« = 1'-'" 
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where 

\3\>N 

We now define as follows: 

n 
1=1 

Example 8.1. In order to clarify the definition of p*j^{u) we give an example. 
Assume 

p{u) = d^uH{d^u{Hd2u)) 

then 

p%{u) - d^i7ryN{ud,u))H{dl^uiHd2u)) 
+dyH{dl^{TT>N{ud^u)){Hd2u)) + d^uH{d^u{Hd2{n>N{ud^u)))). 

Remark 8.2. Notice that if e Vn{u) (i.e. p{u) is homogeneous of order n w.r.t. 
u) then p*j^{u) is a function homogeneous of order ri + 1 for every N £ N. 

We are now able to describe the function Gm+i,N (see (|1.7p ). 

Proposition 8.3. For every fixed integer m > and for every N Cz N we have: 

d f 
(8.3) —E„^+i{TiNu{t)) = E C2(™+i)(p) / p*j^{-KNu{t))dx 

p{u)eV3{u)s.t. 



E C2(™+i)(p) j p*j^{-KNu{t))dx 



p(u)eVj{u)s.t.j=3,...,2m+4: 
\\p{u)\\=27n-j+i 
\p(u) I <m 

where u{t, x) solves (II. 6p and C2(„i+i)(p) are the same constants that appear in (|2.4p 
for k = 2(m + 1). 

Sketch of the Proof. Wc follow 15 (Lemma IV. 3. 5 page 127). 
Let p{u) e Vhiu)) be such that p{u) = HiLi d^'u. Then by elementary calculus 



d 
It 



j P{u{t,x))dx / P{u)lg^^^^9^^g^^dx 

i=l •' 



where u{t, x) is any regular time-dependent function. Motivated by the identity 
above we introduce 

h 
i=l 

By looking at the structure of (see (|2.4I) ) we get 

(8.4) j^Em+iu{t,x) = 2 j d2"+^ud^+^dtudx 

C2(m+1) (p) / Pt{u)dx 

p(u)eV3(u)s.t. 
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X! C2(m+l)(p) / Pt{u)dx 

p{u)£'Pj{u)s.t.j=Z,...,2m+i 
\\p(u)\\=2m-]+A 
\p{u) I <m 

where u{t, x) is any given time dependent function. 

Next notice that if u{t,x) solves (|1.6I) then (due to the properties tt^ = ttjv and 
ttat + 7r>Ar = Id) 

(8.5) dtTTNU + HdlTTNU+ {{■nNu)dx{TTNu)) = 7r>Ar((7rAru)9^(7rAru)) 

and hence if we choose in (|8.4p u(t, x) = T:Nu{t, x) then we can replace the derivative 
dtTTNu{t,x), that appear on the r.h.s. of (18. 4p . by the expression 

Notice that if we replace dtiiTNu) by the term —HOIttnu — ({TrNu){dxnNu)) then 
we get zero on the r.h.s. of (|8.4I) (in fact in this way we are dealing with TrNu{t, x) 
as with an exact solution of the Benjamin-Ono equation). However the contribution 
that we get when we replace 9t(7rjvu) by the term tt^n {(T^Nu)dx{'n'Nu)) is not trivial 
(in fact looking at (|8.5|) this term reflects how far is TTNu{t, x) from being a precise 
solution of the Benjamin-Ono equation). 

Hence we deduce (|8.3p once we notice that in the construction above there is no 
contribution coming from the quadratic part of E„i+i. In fact this contribution is 
given by the following quantity 

d:'+\7rNu)dl^+\^N{{^Nu)dx{7TNu))dx 

which is zero by orthogonality {ttnu is localized on the n modes with |?t.| < N and 
''^>N {iT^Nu)dx{TrNu)^ is localized in the complementary modes). 

□ 

9. Some algebraic identities 

The results of this section will be useful along the proof of Theorem 11.21 We 
recall the notation 7r>jv = Id — ttn. Moreover given a function u{x) we define 

= TT+u and u" = tt-U 

where tt^ (resp. 7r_) is the projector on the positive (resp. the negative) frequencies. 
We recall also that 



jez\{o} j>0 j<0 



l']X 



and Tn is defined by (|8.ip . 

Lemma 9.1. let u G Tzv be such that J udx — 0. Then the following identities 
occur: 

(9.1) J u{Hd^-K>N{udxu))d^+\dx 
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for suitable coefficient Oj G C; 

(9.2) / u{Hd^u)d^+^TT>N{ud^u)dx 



-^>Ar(a>-5™-^+iw-)^>jv(w+a;"+iu+)] 

for suitable coefficient bj € C. 

Remark 9.2. Notice that the l.h.s. of (19. ip and (|9.2p involve at first insight (after 
developing the m-derivative of the product) a term that contains the product of 
two derivatives of order m + 1, which is quite dangerous (see the end of Section [TT3| . 
The main point of the lemma above is that on the r.h.s. of (|9.1I) and (|9.2p this bad 
term is disappeared. 



Proof. We prove (|9.ip . Due to the following identity 
(9.3) j {■K>Nf)gdx = J {TTyNf){Tr>Ng)dx 

we get: 

u{Hd^nyN{ud^u))d^+^udx 



iHd^T:>N{ud^u))nyN{ud^+^u)dx. 

On the other hand if v{x), w{x) are trigonometric polynomial of degree N we have 

tt^n{v^w~) = 

and in particular 

(9.4) 7r>jv(wzi;) = TTyN{v'^w^) + TryN{v~w~). 
As a consequence we continue the identity above as follows 

(9.5) ... - -i / d^T:>Niu+d^u+)7r>Niu-d^+^u-)dx 



+i J d^TT>N{u-d^u-)TTyN{u+d'^+^u+)dx 
where we have used the definition of the Hilbert transform H, 

^>Jv(M+a^+'u+)^>7v(M~<9r+'M^) 



+ 1 j TTyN{u~d'^+^U-)TTyN{u+d^+^U+)dx 

^>jv(5™(u+9.u+) - u+dZ'+^u+)nyN{u-d"^'+^u-)dx 
+i / 7r>jv(5™(M"5:,w-)-u-9™+iu~)7r>jv(w+9r^^u+)da;. 



We can conclude by the Leibnitz rule since the first two terms above cancel. Con- 
cerning (|9.2p notice that by using (|9.3p and (|9.4p we get: 

w(ffa™u)9;"+V>Ar(ua^u)dx 
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and by integration by parts 



which in turn gives 

... = -i / 5™7r>Ar(w+9:rU+)7r>jv(5a;U~5™w") 



+i J 9™7r>Ar(u dxU )7r>jv(9j;U+9™u+)dx 

+ i J d^TT>Niu-d,U-)7T>Niu+d^+^U+)dx. 

Notice that the last two integrals above 

-i / 9;"7r>A,(u+a,«+)7r>Ar(u-9™+iu-) 



+i j d^TT>Niu-d^u-)7r>Niu+d^+\+)dx 

can be treated as in (|9.5p . Hence we have to deal with the remaining terms in the 
identity above: 



+i J d"'n^N{u dxU )7r>7v(92;U+5™w+)da;. 
Those integrals can be easily handled by using the Leibnitz rule. 

□ 

In the same spirit as in Lemma 19.11 one can prove that if u €E Tn is such that 
/ udx = 0, then the following identities occur: 

,m+l/ 



(9.6) / u{d^TT>Niudxu))d^+'iHu)dx 



m „ 

Y^c.il 7r>^(9>+5™-^+iu+)7r>^(w-a;"+iu-) 



for suitable Cj G 



(9.7) J ud^u(d^+^HTr>Niudxu))dx 

m „ 
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-7r> 



for suitable dj € 



(9.8) / Hu{d^T:^NH{ud^u)){d^+'Hu)dx 



rn „ 



for suitable Cj € C; 



(9.9) J Hu{d^Hu){d^+^T:>NH{ud^u))dx 

m „ 

i=i 

-^>jv(a>-a™-^+iw-)^>jv(M+a;"+iu+)] 

for suitable fj £ C; 



(9.10) J Hu{d^T:>Niud,u)){d^+\)dx 

m p 

= T.9A 7TyN{diu+dT-'+\+)7TyN{u-d:^+'u- 

for suitable gj G C; 

(9.11) / Hu{d^u){d^+'^TT>N{ud^u))dx 



= ^>N{diu+d:^-^+\+)7T^N{n'dT+'u-) 
-^>jv(5>-5™-^+iw-)^>jv(M+9r+'"+)] 

for suitable hj G C. 

Lemma 9.3. Let u G T/v be such that J udx = 0. Then the following identities 
occur: 



(9.12) / u{Hd^T:>N{ud^u)){d^+^Hu)dx 

u{Hdl''u){d^'+^TT>NH{ud^u))dx 
- I dZ\^>N{u+d.,u+))^yN{d-.u-dl^u-)dx 
d^{TTyN{u^dxU^))TryN{dxU^d^u+)dx. 



Remark 9.4. To understand the interest of Lemma 1^751 see remark 
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Proof. By combining (|9.3p with (|9.4|) we get: 
(9.13) / u{Hd^TT>N{ud^u)){d^+^Hu)dx 



+ I u{Hd^u){d^+^H{T:yN{ud^u)))dx 
+ j (7r>Ara™(w-9^ii-))7r>Ar(M+9;"+iw+)dx 
+ / (7r>jv5™+^(M"5:,w-))7r>Ar(M+a™u+)da;. 



On the other hand by integration by parts in the second term we get: 



+ I a™+i(7r>^(w+9,u+))7r>Ar(7.-a™7.-) 

dl"'{TTyN{u+d^u"^))lTyNdx{u~d'^U-). 



By developing the derivative dx{u d™u ) ~ dxU + u and by re- 

placing it in the last integral, we get 

(9.14) ... = - j dZ\^>N{u+dxU+))^yN{dxU-dl^u-). 
By using integration by parts in the second integral we get 

(9.15) / (7r>jva^'(u"a^w-))7r>Ar(u+a™+iu+) 



The proof follows by combining (|9?T3| . (|9TT4l) . (|9?T5l) . 

□ 

By a similar argument it is possible to prove that if u{x) is as in Lemma 19.31 then 
the following identities occur: 

(9.16) j Hu{d^TT>N{udxu))d^+'^Hudx 

+ I Hu{d^''u)d^+\TT>NH{udxu))dx 
d"\'^>N{u'^dxU^))TryN{dxU~d"'u')dx 
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- J d^{7r>N{u-d^u-))Tr>N{d^u+d:^u+)dx. 
(9.17) j Hu{d^n>NH{ud^u))d^+^udx 



+ J Hu{d^Hu)d^+'^{-K>N{ud^u))dx 

a™ (7r> AT ) )7r> AT a"it" )da; 



- / d'^{-KyN{u-d,U-))T,^N{d,U+d^U+)dx. 

(9.18) j u{d^T:>N{ud^u))d!^+'^udx 

+ [ u{d^u)d^+^TT>N{ud^u)dx 



= - j d^{'K>N{u+d,u+))T:>N{d^u-d^u-) 
- j a™(7r>Ar(«-a,w-))7r>Ar(9.u+5>+). 

10. Some calculus inequalities 

Next we present some useful results related to the convergence of suitable nu- 
merical series. 



Lemma 10.1. The following estimate occurs : 

1 1 „f\nN 



^ ' ^ TO \ N J 

\n+m\>N ' ' 

0<\n\,\m\<N 

Proof. We have the identity 



as N ^ oo. 



TO TO 

\n+m\>N ' ' n+m>N 

0<|n|,|m|<JV 0<n,m<N 

where we have used 

{{n, m) G Z X Z|0 < |n|, \m\ < iV, |n + to| > iV} 
= {(n, m) e Z X Z|0 < n, TO < N, \n + m\ > N} 
U{(n,TO) eZxZ\- N <n,m<0,\n + m\ > N}. 

Next we continue the identity above 

1 n 



... = 2 y ^( y -)<2 y 

0<n<N N-n<m<N 0<n<N 

N in N-n)' 



0<n<N 

The proof follows since J2o<n<N n ~ O(lniV). 



□ 
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Lemma 10.2. The following estimate occurs 



(10.2) 



E 



\n+m+l\>N 
0<|n|,|m|,|i|<JV 



as N ^ oo. 



Proof. We split the sum as follows: 



E 



1 



\n+m+l\>N 
0<|n|,|m|,|i|<Ar 



< 



E 



E 



|™+i|>f ' ' \m\>i 

0<|n|,|m|,|f|<Ar 0<|n,|,|m|,|Z|<Ar 

^In + IIn- 

By using Lemma 1 10. II we get 
Concerning IIn we have 

^^-^( E i)( E ^)( E 



< C 



-<|m|<iV 



o<|;|<Af 



0<|n|<Af 



IniV 



□ 



11. Proof of Theorem 11.21 



Along this section we shall write iy9Ar(a;) = 7rAr(v5{w)), tp^iuj) = ■n±{'KN^{i^)) 
(where 7r± are the projectors on the positive and negative frequencies) and 



|m+l 



Moreover for any given p(m) G ^^-=iPn{u) and iV e N, p*j^{u) is defined in Section[8l 
Notice that due to the Holder inequality the standard gaussian variables {ipkiijj)}k 
satisfy: 

yq e [1, oo), k eN 3C ^C{k,q)> Os.t. sup \\ipj^...ip.jJ\L^^<C. 
This fact will be freely used in the sequel. 

Lemma 11.1. Let m > 2 be an integer and p{u) G 'Pz{u) such that p{u) = 
ud^ud^^^u. Then for every g G [1, oo) we have the following 



lim 

N—foo 



P*j^{TTNU)dx 



0. 



Proof. By using elementary properties of the Hilbert transform (i.e. = 
—Id, J {Hv)wdx — J v{Hw)dx) it is easy to check that if p(m) is like in the assump- 
tions then the quantities / p{u)dx can be always reduced to the following ones: 

± j ud'^udl^+^udx,± J {Hu){d^Hu){d^+^Hu)dx, 
± j u{d^Hu){d^'+^Hu)dx,± J {Hu)d^'ud^'+^udx, 
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± j ud'^u{dl^+^Hu)dx,± j {Hu){dl^Hu)dl^+^udx, 



First case: p(u) = ud^ud^^^u 
In this case we can write explicitly 

Hence we get 

J P*N{^N{'f{^)))dx = /Ar(w) + IIn{^) 

where 

(11.1) /Ar(w) = J 7r>jv(¥'jv(w)9:E(¥5jv(w)))<9™v'Af(a;)a^+Vjv(w)dx 
and 

(11.2) IlNiio) = / ^N{io){dT7T>N{^N{uj){d.^N{io)))d:^+^^N{uj)) 



In order to estimate /jy notice that 



/jv(w) = J (7r>jvV5Af(w)9:c'^jv(w))9"'^jv(w)9"+ (pjv(w)da; 

Vni'^) fhi^) "Phi^) . N 

0<bi|,b2|,b3l,b4|<A^ 
\n+j2\>N 

jl+j2+j3+j4, = 

and hence by the Minkowski inequality 

\\lNiuj)hz<C 



0<\3i\,\32\,\J3\.\h\<N 
\ji+h\>N 

^ Jhl^^ ^ |7l|'"+l|72|™) " *^(^^) 

0<b3l<W '-^ ' 0<|ji|,b2l<A' '-^ ' '-^ ' 

b"l+j2|>W 

where we have used Lemma llO.ll 

Next we estimate IIn{oj) (see (lll.2p V Due to the identity (|9.18p we are reduced to 
estimate the following quantities: 



II'n{^) ^~ J 9"(7r>A,(^+(cj)a^(/3+(cj)))7r>jv(a^¥'jv(a;)a"(pjv(^))c^a; 
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Next we estimate II'j^{u)) (a similar argument works for By the Leibnitz 

formula it is sufficient to prove that: 



(11.3) 



0(1) 



as N oo \/j — 0, 1, .., m. 
Indeed the most delicate cases are j — Q,rn. All the other cases can treated in the 
same way. In the case j — we are reduced to prove 



lim 



= 0. 



For that purpose, we write 



lim sup 

Af— >-oo 



< C lim sup I 



0<|ii|,|i2|,b3l,b4|<Ar 

ii,i2>o,i3 ,i4<o 

\h+32\>N 

Jl+i2+j3+j4=0 



< lim sup C 

0<\ji\,\hl\Oi\<N 
\j3+ji\>N 

1 



|J4 



|jl|™+Mj3nj4| 



E 

0<|ji|<Ar 



Im+l 



1 



^ Ij3l™|j4| 

b3+i4|>Af 



where we have used Lemma Fl 0.1 1 at the last step. 
To prove pi.3p for j = to we have to show 



lim 

Af— >oo 



(7r> A (a™(/3+ (a;)9:r yj?^ (w) ) )7r>Ar (9:^ </3jv (^)^r'/'A (w) ) 



= 0. 



Ll 



Indeed arguing as above (i.e. we replace the random vector (f{uj) by its random 
Fourier series and we apply the Minkowski inequality) we are reduced to prove that 

1 



A^ E I7lll72l"l?3l"l?4l 

0<biMj2|,b3l,b4|<A l-^^ll-^^l l-^'^l 1-^*1 

ii j2>o,i3 ,i4<o 
b'i+i2|>A 

jl+j2+i3+j4=0 



= 0. 



This estimate follows by combining the inequality 



0<bUb2t^3M.4,.Al^-^ll^-^l™l^3rb4| 

il,i2>0j3 J4<0 

b'i+i2|>A 

il+j2+j3+j4=0 



< 



E 

0<b3|<A 



o<b"iMj2|<A 
b'i+i2|>A 



with Lemma [10. II 

Second case: p{u) = ud^Hud^+'^Hu,Hud^udjp+^Hu,Hud^Hud^+^u 

All those cases can be treated as the previous one provided that we use (|9.12p . 
dUHl), (PTf|) instead of (PTTS)) in the argument above. 



Third case: p{u) = ud^u{d^+^Hu) 
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By definition we get: 
where 

IIn{i^) = j (pNi^^)d^{T:>Ni'fN{i^)dxipNi^)))d^+^HipN{uj)dx 

IIlN{i0) = [ ^N{uj)d'S^VNHd^+^H{nyN{'PN{uj)d^'PN{io)))dx. 



The term In{^) can be estimated in the same way as (|ll.ip in the first case. 
Concerning IIn{oj) we use (|9.6p and we get 

Hence it is sufficient to show that 

(11.4) limsup / ^>^(a^^+(a.)ar"^'+V^^(^))^>^(¥'^(^)ar+V^(^)) 

Af-i-oo J 

Vj = 1, ...,m. 

Indeed the most deiicate cases are j — 1, m (that in turn can be treated in a similar 
way). First we focus on (|11.4I) for j = m. More precisely we have to prove 



lim sup 

A->oo 



0. 



7r>jv (5;'V^ (^)^:r<^^ (w))7r>A, (^jY (tj)a™+ Viv('^))'^2; 
By replacing the random vector Lp{uj) by its Fourier randomized series we get 
7r>Ar(a^^+(a;)a:,V5^(cj))7r>Ar((^^(w)9;"+V^('*^))'^2; = 



E 



0<lii|,li2|,b3l,b4|<A 

jl,j2>0j3,j4<0 

b"i+i2|>A 



VjA^) Vhi.^) .„ (,,^ 



Hence by the Minkowski inequality we get: 

7r>Ar((9™(/3?^(w)(9x</?^(w))7r>jv(¥'w('^)^r^Vw('^))^^2; 

1 



lim sup 

A->oo 



<Climsup( TZ^){ E 1,^11,^1 

lii+i2|>A 



O 



/InTVN 
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where we have used Lemma llO.ll 

Concerning the estimate ()11.4p for j = 1 we can argue as above and we are reduced 
to prove that 

hm > -— — — — = 

0<bi|,b2|,b3l,b4|<Af 

Jl J2>0j3 J4<0 

\ji+32\>N 

that follows by Lemma [10.11 The estimate for is similar to the one of 

IIn{uj) provided that (19.71) is used instead of 



Fourth case: p{u) = u{d!^Hu){d!^'+'^u), Hud'J'Hudl''+^Hudx, Hud^Pud^+^i 



They can be treated as in the third case provided that (|9TT|) . (|9^ (resp. (|9^ . (|9J)) 
and (|9?T0l) . (j9TT|) ) are used instead of and (jOJ]) . 

□ 

Lemma 11.2. Let m > 2 be an integer and p{u) S V'i{u) such that p{u) — 
d"ud^ud2u with 



a + /3 + 7 = 2m + 1,0<Q!</3<7 and max{a, /3, 7} < m. 



Th 



en we nave 



lim 



= 0, Vg e [1,00). 

Proof. We treat for simplicity the case p = d^udl^ud^u (the general case can 
be studied with a similar argument). Hence we get 

P%{iPn{oj)) = /Af(w) + IIn{'~^) + IIIn{<^) 

where 

/iv(t^) = / d'^{'KyN{^N{i^)dx^N{(^)))d^fN{'^)d2tpj^{uj)dx] 



We shall prove that 



9" <^ AT ) <^ AT ) 52 (7r> AT ( (^AT ) (ySAT ) ) ) . 



N 



lim = 



(and in a similar way we can treat IlNii-^) and ///Af(w)). By the Leibnitz formula 
it is sufficient to prove 



lim 

Af— >-oo 



7I'> 



NidiipNiuj)d" ^+VA(a;))af(/3jv(w)92^jv(w)da; 



= 



Vj = 0,...,a. 

We shall treat the case j = and all the other cases can be treated in a similar 
way. More precisely we shall prove that 



lim 



= 0. 



Notice that we have 



7r> 



E 
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bi|,b2|,b3l,b4|6(o,JV] 
\h+j2\>N 



and hence by using the triangular inequahty we get 



< C 



E 



|_^-^|m+l|j2|™-"|j3|™+l-/3|j4|m+l-7 



bi|,b2|,li3l,b4|e(o,Af]. 

\jl+j2\>N 

Next we consider two possible cases: 
First subcase: a = l, l3 = "f = m 
In this case we get 

(7r> AT V3 AT (w ) 9" + V JV ( w ) ) 3f v? TV (t^ ) 9J (^AT (cj ) dx 

1 



< C 



E 



bil,b2Mi4|e(o,Ar], 
b"i+j2|>A' 



|jir+i|j2|™-i|j4| 



< 



E E |7i|"+l|72|™-l 

b"i+i2|>Ar 



o 



\ N ) 



where we have used Lemma llO.ll 
Second subcase: a < j3 — ^ < m 
In this case we get 

(7r> jv AT (w ) 9" + V JV (t^ ) ) 9f (/SAT ) 52" jv (t^ ) rfa; 

1 



< C 



E 



lii|,b2|,b3|,li4|e(o,Ar], 

\jl+]2\>N 



iiir+^ij2iij3P 



< c 



( ^ _j7.p)( . E^ 



0<b4|<A '-'■^1 0<bi|,b2l<A, l-^-'l l-'^l 

bi+i2|>A 



where we have used Lemma llO.ll 
Third subcase: a < /3 < j < m 
In this case we get 

(7r>ArV3Ar(w)9"+VAr iuj))d^(pN{uj)d2(pN{i^)dx 
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< c 



E 



|ji|™+'b2| 



\3l\:\3l\,\h\,\ji\&{0,N\. 
\jl+3'2\>N 

and we can conclude as in the previous case. 



Lemma 11.3. Let p{u) £ Vi{u) he such that p{u) — d"^ud^^ud^^ud^'^u with 
ai < a2 < ct3 < a4 < ni and ai + 0:2 + as + a4 = 2to. 

Then we have 



□ 



lim 



= 0, Vqe [1,00). 

Proof. Wc shall treat the case p — d^^ud^^ud^^ud^'^u. The general case follows 
in a similar way (indeed our argument will be essentially based on the Minkowski 
inequality and it is not affected in the case when H appears in the expression of 
p(u))). Arguing as in Lemma [11 .21 it is sufficient to prove that 

lim ||/^r||i, =0, lim ||//^||^, =0, lim ||///Ar||i, = 0, lim |j/VA,||i, -0 

N^ca N—^ao N—^ao N—^oo 

where 



In = 
IIn = 



III 



N 



d^'TryNi^Nii^)dx(pN{uj))d^^ipNiuj)d^''(pN{uj)d^''ipN{uj)dx 



IVn = J d^^ipN{i^)d^^ipN{i^)d^^ipN{i^)d^'''Ky]^{ipN{uj)d^ipN{uj))dx. 

We shall treat for simplicity only the term IVn (the other terms can be treated in 
a similar way). Hence we shall prove that limjv->.oo II-^^a^IIl^; ~ ^- Leibnitz 
rule it follows by the following estimates: 



lim 



d^^VN{u^)dS'^N{i0)d^''VN{uj)7T>N{dWN{i0)d^'-' + 'VN{i0))dx 



= 



\/j = 0, ...,a4. 

We shall prove the estimate above for j = (all the other cases can be treated in 
a simpler way). Hence we have to show 



lim 
Notice that 



9^ Va' (w)5r V'JV (w)9" Viv (^)^> jv (<PAr (w)ar + Viv (^))rfa; 



0. 



5^Viv(c^)5r¥'Jv(w)9"VA(^)^>iv(¥'w(w)9r+VA(^))da; 

Vj2i^) Vjsi^) Vhi^) V>jA^) 



E 



biNj2|,b3Nj4|,b5|G(0,A] 
b4+j5\>N 
jl +32 +j3 +ji+35 =0 

and hence by the Minkowski inequality and Lemma [10.21 we get 
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" ^ lilPlj2p|73||74| ^ 

bi+i2+j3l>JV 

where we have used the fact that by assumption necessarily ai, a2 < n^- 

□ 

Lemma 11.4. Letpj(u) E Vjiu) with j > 5 be such thatpj{u) — 111=1 where 

j 

ai < ... < aj < m and Uk < 2m — 1. 

fc=i 

Then 



hm 



p%{Triyu)dx =0, Vge[l,oo). 



Proof. It follows as Lemma [11. 31 

□ 

Proof of Theorem [O] It follows by combining Lemma [iTTl [TT:2l [TOl [TOl 

with Proposition [ 
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